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Abstract

Tarski-Givant’s map calculus is briefly reviewed, and a plan of research is outlined aimed
at investigating applications of this ground equational formalism in the theorem-proving field.
The main goal is to create synergy between first-order predicate calculus and the map calculus.
Techniques for translating isolated sentences, as well as entire theories, from first-order logic
into map calculus are designed, or in some cases simply brought nearer through the exercise
of specifying properties of a few familiar structures (natural numbers, nested lists, finite sets,
lattices). It is also highlighted to what extent a state-of-the-art theorem-prover for first-order
logic, namely Otter, can be exploited not only to emulate, but also to reason about, map
calculus. Issues regarding ’safe’ forms of map reasoning are singled out, in sight of possible
generalizations to the database area.

1 Introduction

Two systems of symbolic logic were proposed around 1880. One of the two, due to Frege, developed
later into the Whitehead-Russell’s Principia Mathematica [WR10]; in somewhat revised form, it
is the system that prevailed in common usage. The other formalism, due to C. S. Peirce, was
much closer to the original spirit of Boole’s Laws of thought; it temporarily reached stability in
Schroder’s monumental work [Sch95] on the Algebra der Logik, but then got engulfed in a “rather
capricious line of historical development” [Tar41] which almost led it into oblivion, at least among
the practitioners of logic.

The influence of Peirce-Schréder’s algebraic form of logic —the MAP CALCULUS, as we will call
it— lasted long only in the field of universal algebra. Its footprint can nevertheless be recognized
in today’s relational database languages, as well as in a variety of representation languages often
called taxonomic languages or description logics (cf., e.g., [Bor96, Cal96]).

Inside and outside the specialists’ community (see, e.g., [BL94, GKV97, GOS97]), there is
nowadays a new burst of interest in the map calculus, stirred up by the publication of [TG87].
This motivates us in proposing in this paper a few directions for research on the map calculus,
aimed at bringing to light its practical value for formal computer-based verification.

First-order predicate logic undoubtedly deserves the primacy, with respect to the map calculus,
of user-friendliness and expressive manageability. However, this is no evidence that the map
calculus may not perform better in the réle of basic machine-reasoning layer or that one cannot
profitably intermix the two ways of reasoning. These hypotheses deserve, in our opinion, a serious
and twofold experimentation effort. On the one hand, they call for
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e development of effective theorem-proving techniques directly rooted on the map calculus; on
the other hand, they require

e sophisticated techniques for translating sentences —or even entire sets of axioms— from first-
order logic into the map language.

In essence the latter techniques (of which an example can be found in [CCO97]) are to translate

formal specifications, phrased in first-order logic as is nowadays more common, into a specialized

area of algebra.

It is a stimulating fact of mathematics that one cannot decide the precise extent to which this
translation of logic into algebra is possible (cf. [Kwa81]); as a consequence, this is an issue to be
tackled pragmatically and conservatively. Powerful ideas have emerged from a protracted stream
of research initiated in the forties and finally blossomed in the above-mentioned Tarski-Givant
monograph [TG87], which indicates how any theory regarding either sets or arithmetics can be
phrased in map-theoretic terms.

The demonstration that map calculus had no inner weaknesses preventing it from becoming
the frame for an omni-comprehensive deductive system such as set theory, rehabilitates it from
its disrepute (whose historical causes are skillfully investigated in [AH91]) and reopens the oppor-
tunity, dismissed for decades, to put together complementary virtues of the map calculus and of
first-order predicate logic.

This paper gives a contribution to this. A few scenarios of use of Tarski-Givant’s map calculus
are developed. Properties of familiar structures (natural numbers, nested lists, hereditarily finite
sets, lattices) endowed with operations and relations are formally specified. Exercise of this nature,
based mainly on paper and pencil for the time being, is aimed at bringing to light translation
techniques that may effectively bridge the gap between first-order predicate calculus and the map
calculus—a fully equational formalism.

The specification of lattice theory that will be proposed, far from being a straightforward
adaptation to the map formalism of any of its preexisting first-order formulations, will reveal
particularly challenging. As is well-known, in fact, the map language has the same strength —and
limited expressive power— as a first-order language involving three individual variables altogether.

The paper stresses in what way a state-of-the-art theorem-prover for first-order logic can be
exploited to emulate, and reason about, map calculus—at least on a temporary basis, until tools
specifically designed for the latter come into existence. The authors have begun a series of ex-
periments based on the Otter theorem prover (cf. [McC95]). To date, as a matter of fact, our
‘deductive apparatus’ for the map calculus has simply consisted in a first-order axiomatization
of relation algebras fed into Otter. The initial benchmarks were aimed at finding a convenient
formulation of these axioms, and only now our experimentation activity can shift to theory level.

We have set to ourselves a series of goals that will contribute, hopefully, to the development
of a platform for the automation of map reasoning. Such a platform should encompass techniques
for translating first-order logic into map logic, tools for simplifying map expressions, decision
algorithms for fragments of the map calculus or of important theories based on it, etc. We
envisage, among others, the design of a ‘safe’ variant of the map calculus, paradigmatic of the way
one views relations in the database field.

All of these themes will be touched upon in what follows.

2 Syntactic and semantic background: £* and £*

L* is a ground equational language where one can state properties of dyadic relations over an

unspecified, yet fixed, domain U of discourse. The basic ingredients of this language are:

e three CONSTANTS: @, 1, ¢;

e infinitely many MAP LETTERS: p1, P2, P3, - .. (whose typographic form can widely vary, e.g., €,
7, void, Pow);

e dyadic constructs N, A, o of map INTERSECTION, map SYMMETRIC DIFFERENCE, and map
COMPOSITION;



e the monadic construct ~! of map INVERSION.

MAP EXPRESSIONS are obtained through repeated use of N, A\, o, and ~!, starting from the map
letters p;, which can be freely interpreted as dyadic relations over U, and from the mentioned
constants. MAP EQUALITIES have the form Q=R, where () and R are map expressions.

Once a nonempty U has been fixed and subsets p;,ps,p5,... of U? =,..U x U have been
put in correspondence with the p;s, each map expression P comes to designate a specific map P>,
on the basis of the following evaluation rules:

N =pet 0, 15 =, U2 1S =p {la,a] : ainU};
(QNR)® =, {[a,b] € Q% : [a,b] € R¥ };
(QAR)S =, {[a,b] €U? : [a,b] € Q% if and only if [a,b] ¢ R };
(QoR)® =,.{[a,b] €U? : there are cs in U for which [a,c] € Q% and [c,b] € R };
(Q_l)g =pe{[b:a] : [a,0] € Q% }

Accordingly, an equality Q=R turns out to be either true or false in each interpretation &. One
often strives to specify the collection C of interpretations that are of interest in some application
through a set of equalities that must be true in every & of C. Requiring, for instance, that (=1
leads in essence to propositional logic, because it forces U to be singleton, and hence makes () and
U? the only possible values for each map expression P. Figure 1 and several other figures to be
commented later on, show more sophisticated examples.

L7 is a variant version of a first-order dyadic predicate language: an ATOMIC FORMULA (briefly,
an atom) of LT has either the form zQy or the form Q=R, where x, y stand for individual variables
(ranging over U) and @, R stand for map expressions of £*. Here propositional connectives and
existential /universal quantifiers are employed as usual. An ordering vi,va,... of all individual
variables is assumed.

To enrich £* and £ and improve the readability of their map expressions, we can use several
pieces of shorthand notation, such as:

P =Det F =Det PA1 PTQ =Def FO@
PUQ =, (PAQ)A(PNQ) oP =, LoPol
P\Q =,, PN(QAP) funPart(P) =,, PNPo1

The interpretation of £* and LT obviously extends to the new constructs; e.g.,!
funPart( P )% =, {[a,b] € PY : [a,c] ¢ P for any ¢ # b}.
Through similar rewriting rules we can extend £* in order to emulate constructs such as
inclusion, negation, and implication:

PCQ =, P\Q=0
—P=Q =, P£FQ =u., <>(PAQ):]]-
P=Q - R=S =, o(PAQ)o(RAS)=0
(We will see in Figure 4 similar ways to emulate the conjunction and disjunction connectives.)

Example. By saying that A is a BISIMULATION over g, one usually means that A is symmetric,
and stable over o. These two properties can be stated in £ as
VyVa (yrz—zdy),
VuV’qu(uAv ANvow—3Iz (zAw A ugz)) ,
and can be stated in L*as
AL C ), AopC ol
Sometimes (cf. [Acz88]), without requiring A to be symmetric, one strengthens the stability
condition as follows:
Y ug Vup (uo)\ul—> /\;:0 Vwb( upowp—Jwy —p( U1 —pow1—p A woAwy ) ) )
The latter can be formulated in £* simply as
Aop Cpol), A topCpoAh
O

LfunPart( - ) renders the “functional aspect” of a predicate; so funPart( P )=P will mean “P is a partial function”,
very much like Fun( P) to be seen below.



2.1 Making constants and monadic symbols available in £*

It is possible to overcome the limitation of not having function symbols available in £*, because
these can be represented by map symbols P subject to the condition that
for all a in U, there is evactly one b in U for which [a,b] € PS.
In the map language, this condition can be rendered as follows:
TotFun(P) =, Fun(P) A Total( P),
where
Fun(P) =,.,P 1o PCy, Total( P) =, Po1=1.

One can, moreover, represent a monadic predicate (i.e., a subset of U) by a dyadic P subject
to any of the following three conditions:
Right-absoluteness: RAbs(P) =, ,P = Po 1;
Left-absoluteness: LAbs(P) =,,P =10 P;
Diagonality: Diag(P) =,..P C .
The first two of these mean, respectively, that
for all [a,b] € PS and any c inU, [a,c] € P3;
and that
for all [a,b] € PS and any c inU, [c,b] € PS.
Likewise, we can represent an individual constant by a predicate symbol or expression P
meeting one of the following:
RConst(P) =,, P#B A P'olloP Cu A LAbs(P)
LConst(P) =,, P#0 A PolloP 'Cu. A RAbs(P)
Const(P) =,, P#0 A PoloPC.
These mean that for a fixed ¢ in U, either PS={[¢,b] : b inU}, or PS={[a,c] : a in U}, or
PS={]c, c|} holds, respectively.

Example. The proposition
“if mice are rodents, then every paw of a mouse is paw of a rodent”
(which is valid by its form alone) can be rendered in LT as
Vx ( mouse(z )—rodent(x)) —

Yy ( Fu (mouse( u) A hasPaw( u,y) )—T v (rodent(v) A hasPaw(v,y)) )
and can be rendered in £* as
Diag( mouse )—>( Diag( rodent )—( mouse C rodent—

mouse o hasPaw C 1 o rodent o hasPaw ) ) 5
Example. Figure 1 contains a map formulation of a theory whose intended domain of discourse
isIN ={0,1,2,...}. This theory, which is an adaptation of [End72], pp.184-187, characterizes the
usual ordering relation on numbers, denoted <, and the increment operation v +— u + 1, denoted
suc.
As a clarification, let us translate its axioms back into first-order logic, using the map letters
zero and suc as if they were a constant and a monadic function symbol. We indicate ¢, 7, and
exclusive disjunction by =, #, and <4, and leave universal quantifiers implicit:

r<y—zero#£ vy, zero £y — Jvsuc(v) =y,
Jo(z<vAv=suc(y)) = (z<y+ z=y), r<yr=yhy<c,
“(z<yhz=y), Jv(z<vAv<y)—z<y.

As a further explanation, let us rephrase as follows the recursive characterization in Figure 1
of the operations v +— 2 - u and u — 2%:
twice( zero ) = zero, twice( suc(x)) = suc( suc( twice(z))),
twoTo( zero ) = suc( zero) twoTo( suc(z) ) = twice( twoTo(x)) 5
In spite of all the extension described above, £* remains limited in means of expression with
respect to L1, due to its lack of individual variables and quantifiers. We will discuss how to
circumvent the limitations of £* in specific but very significant cases in Sections 7 and 8.



Azioms Lemmas

> =, <" <= <O <C ¥ suc € <
: Const( zero) TotFun(suc) : NL =1 Z=(<nu)!
< C1ozero 1 ozero C 1L osuc < =suco < osuc~! sucozero =10
<osucT!=< <A>=1 Fun(suc™!) sucosuc---osuc C7
<Ne=0 <o<C< n_times

Primitive map letters: zero, suc, <
Additional lemmas

A conservative extension twice C <
TotFun( twice) TotFun(twoTo) twice ! o twoTo C <

| zero C twice suc o twice C twice o sucosuc | ( <otwice)N(twiceo> )=10
zero o suc C twoTo suc o twoTo C twoTo o twice ( <otwoTo)N(twoToo> )=0

Additional primitive map letters: twice, twoTo

Figure 1: Theory of natural numbers with successor function and ordering relations

3 Raw deductive machinery for a map calculus

We will now slightly adjust the derivability notion for £* formalized in [TG87] to our context.
Admittedly, there will be map equalities P=1 not derivable from an empty set of premisses but
nonetheless VALID, in the sense that P° = U? is true in every interpretation & of £*. This is
due to an intrinsic limitation: there is no way out of this lack of semantic completeness of the
derivability notion for £*.

We start with recording onto the following list of schemes an infinite collection A* of valid
map equalities, to be regarded as the LOGICAL AXIOMS of £*:

PANQ=0QnNP
(PN(QAR))A(PNQ)=PNR
1NP=P
(PxQ)*R=P*x(Q*R) * € {A,N, 0} (chosen once)
toP=P T
(PUQ)oR=(QoR)U(PoR)
pil=p
(PxQ) '=Q 'xP! | x€{n, 0} (chosen once)
(P'o(R\(PoQ)))nQ=0

Given a collection E of map equalities, we will denote as ©*(E) the smallest collection of map
equalities which both fulfills the inclusion
A UEU{P=P :Pis a map expression } C ©*(E)

and enjoys the following closure property: When P=Q and R=S both belong to ©*(E), and
R occurs in @ and/or in P, then any equality obtainable from P=Q by replacement of some
occurrence of R by an occurrence of S belongs to ©* (E).

The notation E H* Q=R is employed to indicate that Q=R belongs to ©*(E). We take an
analogous (but semantically complete!) definition of F* for granted.?

Remarks.

(1) We conjecture that the associativity of N, A, along with the commutativity of N and with the
law (PN(QAR))A(PNQ)=PnN R suffice, quite independently of the rest of A*, to yield
the Boolean ring structure (cf., e.g., [Jac51]). This conjecture rests on the affinity between
this formula and the Robbins’ law (cf. [Win90] and Figure 2). Should it prove false, then
in a context without 4 (cf. Sec.10) we would replace the latter two laws by the following
logical axioms schemes:

PAP=QAQ PA(QAP)=Q PNnP=P

(RNQ)A(RNP)=(PAQ)NR

2Any derivability notion for first-order logic can be exploited for £1, cf., e.g., [TG87].



(Anyway, this lengthier axiomatization may be preferred in order to drive derivations more
efficiently.)

(2) The language £* was originally based on the constructs of union U and complementation ~.
Accordingly it employed, as Boolean part of A*, the three classical axioms due to Hunt-
ington (cf. [Hun33]). Quite recently it was proved that, in the context of a purely Boolean
axiomatization based on U and ~, the Huntington’s law can be substituted by the Robbins’
law (cf. [McC97]).

In the version of map calculus proposed by [TG87], the problem of deriving the Huntington’s
law from the Robbins’ law surprisingly turns out to be as easy as the reverse problem, thanks
to the contribution of the axioms on o and ~*.

O

4 First-order theorem-proving used for map logic.
Can the service be reciprocated?

Notice that we have been using P, @, R, and S, as metavariables ranging over map expressions.
What would be implied by us changing perspective and regarding P, @, R, S as individual variables
(ruled by understood V-quantifiers in all logical axiom schemes)? Then each scheme in A* would
be regarded as a single first-order equality, and we would be dealing with an equational axiomatic
first-order theory ©Oga instead of with an alternative formalism. The models of Ora are the
structures traditionally known as relation algebras, on which [TG87], p.48, states: Every equation
which is shown to be identically satisfied in every relation algebra yields a schema of which all
the particular instances (obtained by substituting predicates for variables) are sentences logically
provable in L*.

This indicates that we can use an automated deduction tool conceived for first-order logic, Otter
to be specific (cf. [McC95]), to experiment with £ (cf. [AOT98]). Although Otter cannot directly
produce derivations of £>, once the equalities that form A* are loaded into Otter, whatever chain
of inference steps can be drawn from them witnesses the existence of corresponding chains in £*.
One can moreover load into Otter, along with A*, a set E of map equalities, and derive theorems
of ©*(E).

The very shape of the equalities in A* is the result of us having carried out a number of
experiments of this nature. We are still trying other formulations of the logical axioms of £*, that
will perhaps drive Otter better; anyway, the one we have adopted above is the outcome of a series
of ameliorations carried out on an initial version, until we succeeded in getting an automatic proof
of various propositions of [TG87], pp.49-50, that we had chosen as our benchmarks (cf. Figure 2).

What we have just said entails that a good first-order theorem prover such as Otter, or simply
a theorem prover for pure equational logic, or perhaps a theorem prover based on T-resolution
(cf. [PS95]) and exploiting a decider for map constructs embedded in set theory (cf. Chapter 9
of [CFO89)]), provides adequate support to symbolic manipulations in the map calculus. Even more
importantly, the first-order predicate formalism offers a basis for schematizing meta-theorems of
the map calculus, as well as for proving them. In some cases, it enables one to compress into a single
quantified sentence an infinite axiom scheme or theorem scheme of a theory based on map calculus
(examples of this, stressed in boldface in Figures 5, 7, 10, and 11, will be two induction principles,
various formulations of the subset axiom scheme, and the replacement scheme). Even though we
are eagerly following this approach in order to play, and experiment with, specifications written
in the map language, we have in mind to invert the approach in the long run. We believe that the
map calculus deserves —and sorely lacks, to date— an autonomous and effective instrumentation,
to be put to the service of first-order reasoning, and of automated reasoning in general. In sight
of this we are developing in SETL [SDDS86] a basic layer of Boolean-Peircean simplifications
applicable to L£*-expressions and equalities (cf. Sec.9.1).



a.| Po.=P right unit for o
b.|(PAL)AL=P double complementation law
c. | PAP=0 periodicity of A
d | PAQ=Q AP commutativity of A
e. | (RNQ)A(RNP)=(PAQ)NR distributive-commutative law
f.| PCQ — (QCR— PCR)
g | PA(QAP)=Q (PAQ)AQ=P PNP=P
h. | PUQ=QUP (PUQ)UR=PU(QUR) PU@Q=PnNnQ
i. | PUQUPUQ=P PNQNPNQR=P Robbins’ laws
i | (PNQ)A(PNQ)=P variant of Robbins’ law
k. (PUQ)N(QUP)=Q (PNQ)U(QNP)=Q Huntington’s laws
L|PoP=0 A PoD=0 AN PAD=P AN PNO=0
m. | ((PoQ)NR)=0 — ((P'oR)NQ)=0 cycle law
n | ((P'oR)NQ)=0 — ((PoQ)NR)=0 cycle law
o.|(PNnu)=P — (P 'nu)=P N P'=P
p. | PCPoloP Const(P) — PC.
a | (Vo,u,v)((zNu) Av=0
vN(uAL)=0 A Jyaz=vA(yn(yA1))) key for Boolean unification

Figure 2: Some benchmark theses, with Otter serving £* and £*

5 Translating first-order sentences into map equalities

It is shown in [TG87] that in £ the map constructs @, L,N, A, 0,71 = can be made to dissolve
into connectives and quantifiers: this elimination (whose feasibility was already clear in [WR10])
leads to a far more conventional first-order language, £, where ¢ generally takes the typographic
form = (not to be confused with =). A remarkable fact about the elimination technique® is
the following: when one applies it to a sentence 3 of L7, i.e., a 8 of LT that involves no more
than three distinct individual variables, the resulting sentence « will also involve three or fewer
variables. This is what happens, e.g., when [ is an equality Q=R of L£*.

No
Eg% \\\Ex

Figure 3: Embeddings and translatability relations between formalisms

To what extent is the reverse translation of £* into £* possible? Let us recall a definition
from [TG87], p.62:

Definition. A sentence o of L is said to be EXPRESSIBLE in L* if there is a map equality 3 of
L* for which o | =1 B, i.e., a¥ = % in every interpretation . |

Among sentences expressible in this sense, one finds all sentences in three variables, where the
following definition applies:

3This translation is represented by downward and leftward arrows in Figure 3.



Definition. A formula ) of LT is said to be IN k VARIABLES (k a natural number) if no
subformula ¢ of ¥ involves more than k distinct free variables. O

In the sequel, we outline a quantifier-elimination process that applies to any formula in three
variables. When it receives in input a sentence «, this algorithm re-expresses it as a sentence
B of L. One cannot do entirely without the three-variable restriction; indeed, the possibility
of performing the reverse translation (from £* to L£7), reveals that a sentence v of £ can be
expressed in £* if and only if it is logically equivalent to a sentence of £3. As was shown in
[Kwa81], the collection of all such vs is undecidable.

Our current translation purpose can be achieved by means of rewriting rules (see Figure 4)
defining a computable total function® H : {formulas of £} — {formulas of £} with the
following properties:

e for each formula ¢ in three variables, H is quantifier-free; moreover, ¢ and H¢ have the same
free variables;
e when restricted to the sentences in three variables, H becomes surjective on the sentences of

L™
e for each set U of sentences of £3, {H3: 3 € ¥} and ¥ are logically equivalent in £3.

Translation proceeds in this manner (cf. [Omo97]): first the occurrences of negation are moved
inwards, near atomic sub-formulas, then they are removed using the rules displayed in Figure 4.
Then the swapping rules are exploited to reduce the number of cases to be taken into account by the
assimilation and merging rules. The latter rules combine together distinct atoms of conjunctions
or disjunctions. Quantifiers are treated by the remaining rules: they are moved inwards to restrict
their scope, and then translated into map constructs. It should be noticed that unrestrained usage
of the distributive laws could critically affect the computational complexity of the translation
procedure. As a matter of fact, a naive use of these rules tends to cause an exponential growth of
the size of the formula.

A translator of Eé" into £* (along with a reverse translator) has been implemented in Pro-
log and performs well in practice, but a precise assessment of the complexity of the underlying
technique is a main issue left open by our work. We are now redesigning the translator in the
imperative programming language SETL, to achieve better control of the efficiency through the
choice of the appropriate data structures (cf. Sec.9.1).

5.1 A conservative translation technique

In parallel, we are investigating conservative techniques for translating L£T-sentences into £*
directly, without the burden of first having to reformulate them (manually or by other means) in
£3+. Why should one, e.g., recast the monotonicity condition
(Vz,y,u,v )z <yAzfurhyfv—u<v)

into the unnatural form

(=3z,0)(y(z <y Ayfo) Ay(zfyny £v))
before being able to obtain its translation (< o f) N (f o £)=07 A technique to avoid this,
described in [CCO97], led us to improved and generalized techniques implemented first in SETL2
and then —partly— in Java. We will briefly review now one such technique.

Algorithm. (Graph thinning) An existentially quantified conjunction ¢ of literals of the form
2Py is given, where x and y are variables and P is a map expression (negative literals have been
rewritten in the form xQy). Free variables may occur in (.

The goal is to find a quantifier-free conjunction —or simply an atom, if there are at most two
free variables in ¢— equivalent to ¢. Initially, an undirected graph G is built so that:

1) G, has a node n,, for each distinct variable v; occurring in ¢; and

2) for each literal v;Pv; in the conjunction ¢, there is an edge {n,,,n,;} labeled by the map
expression P or P~! depending on whether i < j or j < i.

4This H stands for the same function represented by o— in Figure 3.



-2 Py~ zPy “P=Q~o(PAQ)=
ELIMINATION OF THE NEGATION CONNECTIVE.

yRx ~ xRy P=Q xuRv ~ uo(P A Q)v*uRv
yRy x xSz ~ xSz xyRy uSuxuRv ~ u(SNt)o Lv*uRv
uRvx P=Q ~ P=Q x uRv uSu*vRu~vlo(SNt)uxvRu
uwRv x wSw ~ wSwxuRv if uZv uSuVvRy ~ u(SNe)oLvvulo (RN
(The first two of these rules are applied only when z
precedes y w.r.t. the ordering vi,va, ... of variables.)
SWAPPING RULES: * € {V,A}. ASSIMILATION RULES : * € {V,A}.
V(o Ap)~> Ve AVa
P=QAR=S~(PAQ)U(RAS)=0 (V) ~ Jz vz 9
P=QVR=S~ (PAQ)oLo(RAS)=0 ; U~ P

wred D busoar{ Chsv S (e { b o)~ ({5 ue) {1}
wSuAvRY~ u(SN)o Lo (RN {;}u(w{ } { }{ }

MERGING RULES. RULES oN QUANTIFIERS : u §é vars
(@AY )Vx~ (pVx) A (YVx) (wvw)Axv(so/\x)\/(d)Ax)
DISTRIBUTIVE LAWS.

VuuPu~ 1 CP JuuPu~o(tNP)=1
YuuQu~ vd T Qu JuuQv ~ vil o Qu
VuvQu~ vQ T 0v Ju vQu ~ vQ o Lv

Vu(uQuVwRu ) ~ wR T Qu Ju(uQuv AwRu) ~ wRo Qu
Vu(uQuVuRw ) ~ wR™ 1 Qu Ju(uQu AuRw) ~ wR™! o Qu
Vu(vQuvwRu) ~ vQ t R~ 'w Ju(vQu A wRu) ~ vQ o R™1w

Vu(vQuVuRw ) ~ vQ t Rw Ju(vQu A uRw) ~ vQ o Rw

ELIMINATION OF V. ELIMINATION OF 3.

Figure 4: Rewriting rules employed to translate £3 into £

The nodes corresponding to variables bound in ¢ are called bound nodes.

This G, and its labels will be manipulated as stated below, and the map labels of edges
{ny,,ny, } will always refer to the orientation leading from smaller variable subscripts to greater
ones.

Initially, every loop-edge {n,,n,} is eliminated by creating and suitably introducing a node n,,
(where y is a new variable) and an edge {n;,n,} labeled P N ¢; moreover, multiple edges between
the same nodes are combined together (by one of the merging rules).

The elimination of bound nodes (which represents the elimination of existential quantifiers
from ¢) is performed by repeatedly applying two graph-transformation rules:

e BYPASS rule. Let n, be a bound node with degree 2 and let Py, P> be the labels of the incident
edges {n.,ny}, {nz,ny}. Then the node n, is removed and a new edge labeled with the map
expression R suitably drawn from P; o Py, P Lo Py, Py Lo Py, ete., is placed between n, and
ny. If the edge {n.,n,} existed already with label @, then its label becomes @ N R.

e BIGAMY rule. The rule applies to any bound node n, having just one incident edge {n.,n.},
such that there exists an edge {n,,n,} with y # z. Then the bigamy rule behaves as if there
were an edge {ng, n,} labeled 1, performing bypass of the node n,.

The process ends when no more applications of the previous rules are possible. If the resulting
graph has no bound nodes of degree greater than 1, the sought conjunction can be directly read
off the graph, else we have a failure. O

Remark. It can be shown that the computational complexity of the above graph thinning
algorithm is O(n? + m) where n is the number of distinct variables in the input formula ¢, and
m is the number of conjuncts of . |



The following example shows how the above-outlined algorithm works; it also illustrates how,
sometimes, one can recover from failure, given that certain map letters must designate functions.
Example. Let us consider the following first-order formula

Yw Yu (w*u — Jzx3IzFvIyIH3s (wlzx A wrz Avsucz A ylx A
yrv Ay st A st A srx A s+u)),

where the assumption Fun(¢) is made.

Consider the consequent of the implication. The algorithm starts with building the following
graph G. The nodes labeled w and uw can be regarded as source and sink, respectively; the
remaining nodes are the bound nodes of G. The aim is to reduce the whole graph G to a single
edge between source and sink.

At this point the graph-thinning process is stuck, because no further application of bypass or
bigamy is possible. Then the fact that ¢ is a function comes into play. We can duplicate the node
labeled x together with the edge labeled ¢. The exiting edges (labeled ¢~ and r~!, respectively)
are divided between the two z-nodes, as shown below.

Now we can resume, and bypass an occurrence of = (the lower one in the picture, to be specific),
and then the node labeled y. The resulting graph is:

10



((rosuc™tor )N (Lol ))oxo £t

Further applications of the bypass rule yield the map expression
((((rosucflor’l)ﬂ(EOZfl))o*o éil)ﬂ(ﬁorfl))O—&—,

which translates the consequent of the original implication (the translation of the entire formula

will be seen in Figure 7). O

Example. Let us consider a base B of Horn clauses subject to the following restrictions:
e all predicate letters in B are dyadic;

e 3 involves no function letters, but may involve constants.

W.lo.g., we can assume that B = Bg U Bj, where

e the extensional part Bg of B is made of facts e;qes <, with e; and ey constants;

e the intensional part By of B is made of clauses

n
urv — N\ zipiys,
i=1

where u, v, x;,y; are individual variables, w is (iistinct from v, n > 0, each p; is either a map

letter or ¢, and r is a map letter not appearing in Bg.

Going to an extreme, we could require that e; coincides with e; and ¢ occurs in only one fact,
for any fact e;qes < in Bg. On the other hand, it is easy to conceive a generalization (no longer
subject to the Horn restriction) where the letters p; are superseded by arbitrary map expressions
P; in the body of intensional rules.

The body A._,; z;p:y; of each intensional clause urv < A, z;p;y; can, hence, be submitted to
the algorithm described above, treating all variables as existentially bound, save v and v. When
the algorithm terminates with success, it supplies an atom of form uQu, uQu, vQuv, or Q=R,;
in the respective cases one can rewrite the clause as QCr, (QN¢t)o LCr, Lo (Q N:)Cr, or
o(Q A R)Cr. Moreover, after successfully rewriting every clause, defining r in the form S;Cr,
one can condense all such clauses into a single atom UTZI S;=r. O

6 A theory of lists, within map calculus

As will be explained below, the axioms in Figure 5 describe a somewhat more challenging scenario
than the ones in Figure 1. Intuitively speaking, here the domain U of discourse consists of entities
of three separate kinds: an infinity of atoms, nested lists constructed out of them, and an individual
NL. We are now beginning to experiment with axioms of this kind in Otter.

a. Const(nl) at N nl=0Q

b. Fun(hd) Fun(tl)

c.| hdofll=tlol atA(nlol)=tlol |

d.| atCtl™'ohd (hdohd ™' )N (tlotl™")Cu

e. Lo(at\ocl)=1 ocl=((tUocl)ohd " )U(oclotl™")

f.|  (tlUocl)n =0 o((atu(nlon)U((hdoP)N(tloP)))\P)tP=1
Primitive map letters: nl, at, hd, tl, ocl

Figure 5: Axioms on nested lists

The ‘nil’ predicate, according to a., represents the distinguished individual NL, not to be
counted among atoms. By b. and c., the ‘head’” and ‘tail’ predicates are partial functions defined
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for the same entities (to be regarded as the ‘lists’) of U: the complement of their common domain
consists of all atoms together with NL. Notice that, by c.2, the ‘is atom’ predicate does not truly
depend on its second argument.

The axiom d.1 states that for any given pair a,b in U with b a list or b = NL, one can find a
list whose head is a and whose tail is b; moreover, by d.2, lists that differ from one another cannot
have the same head and the same tail. By axiom e., for any given ¢ in U there is an atom that
does not occur in ¢ (as a consequence, the number of atoms will turn out to be infinite as desired).
In this connection a recursive characterization of the ‘occurs in’ predicate applies: it can be read
as “an entity occurs in a list b if and only if it either coincides with, or occurs in, the head of b,
or it occurs in the tail of b”. By the acyclicity requirement .1, a ¢ in & can neither occur within
itself nor be its own tail.

Last comes the somewhat intriguing axiom f.2, which is an induction principle for lists. When
its outer map-constructs get eliminated in £, it becomes

(Vaz, y)(maty\/m: NLV( Juv(zhdvAvPy)AFw(ztlwAwPy) )HxPy) — (Vz,y)z Py,

hd(z) Py ti(z) Py
where P can be any map expression. Later on, we will likewise express in map-theoretic terms
the induction principle of Peano arithmetic:
((ZJT(PU(suc’1 o]l))ﬂ(?U(sucoP))T(Z])oﬁ:(Z) ,
with suc retaining the same intended meaning as in Figure 1.

As a side remark we show how small modifications are needed in order to treat flat lists.
Simply, axioms d.1 and e.2 have to be replaced by those listed in Figure 6.

d.1[atnat 'Ctl T ohd
e.2 | ocl=(rohd™')U (oclotl™)

Figure 6: Variant axioms for flat lists

7 From first-order theories to the map calculus

It often turns out that a first-order sentence «, even though inexpressible in £* when taken in
isolation, becomes expressible within the context of a theory. This is to say, when one adopts a
decidable collection T of sentences as axioms, it may well be the case that T =T o« 3, where (3 is
in three variables (or, which amounts to the same thing, 8 belongs to £*). [GKV97] makes the
following example: resorting to four variables may seem essential to express the existence of four
distinct entities in the domain U of discourse, but in the theory of strict T total orderings <, the
circumstance can be stated as follows:
(Fz,y)z<yATa(y<zATyz<y)).

This new, more generous, meaning of the term “expressibility”, trivializes the entire question
of expressibility in STRONG THEORIES, such as are number theories (e.g. the Peano arithmetic
or the additive-multiplicative theory of real numbers) and set theories (Zermelo-Fraenkel, Godel-
Bernays, etc.). We are referring to theories where by a sentence in three variables one can state
that two specific relations —let us denote them here as £ (for “left”) and r (for “right”)— are
CONJUGATED QUASI-PROJECTIONS, in the sense that

e ( and r are functions (at least partial) on the domain ¢ of discourse,
e for any pair a,b of entities in U there is a ¢ in U such that £(¢) = a and r(c) = b.
Indeed, there is a general technique that enables one to reduce to three the number of variables
in any sentence « of the language of a strong theory, by suitably exploiting the map expressions
L, R that describe conjugated quasi-projections.

Notice that L, R are to meet the conditions

Fun(L), Fun(R), L~ !'oR=1.
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Systematic ways of performing the translation of any sentence of £1 into £X, irrespective of
the number of individual variables, relative to a pair of conjugated quasi-projections, are discussed
in [TG87], pp.95-124.

7.1 Peano arithmetic, within map calculus

To illustrate the use of conjugated projections, let us make the exercise of specifying the properties
of increment (suc), sum, and product over natural numbers. Otherwise stated, we are seeking an
L*-equivalent of Peano arithmetic. A difficulty arises from the presence of dyadic operations.
Normally these are regarded as triadic predicates; as such, however, they do not fit well in £*.

A key remark is that U is forced by the axioms to be infinite. Since a one-to-one correspondence
B exists between U and U?, we can conservatively extend the theory with two monadic function
symbols, £ and r, which represent the ‘left’ and ‘right’ projections of numbers. That is, b = ¢%(a)
and ¢ = r3(a) are to fulfill B(a) = [b,c| for all @ in U. The fact that ¢,r are total functions
inverting a pairing function is easily stated in £*, as shown in the first two lines of Figure 7.

Most of the remaining axioms of Figure 7 were obtained in [CCO97] from those of a stan-
dard first-order axiomatization of the Peano arithmetic (cf., e.g., [Men79]). The graph-thinning
algorithm outlined above played a crucial role in this task (see the first example in Sec.5.1). The
formulation provided here differs only marginally from the one in [CCO97].

TotFun( () TotFun(r)
(lor=1 (Lot=t)N(ror~t)Cu
Const( zero) suc o zero=zero
TotFun(suc) Fun(suc™!)
TotFun( +) TotFun( )
tN(rozerool) C + rozero C
((Lot=*)N(rosuc™tor '))o+osucC +
(((((oﬁ_l)ﬁ(rosuc_lor‘l))o*oé_l)ﬂ(ﬁor_l))o—kg*
(Pu(sucto1))Nn(PU(suco P))=1—P=1

Primitive map letters: zero, suc, +, *, ¢, r

Figure 7: Map-formulation of Peano arithmetic (in £*)

The last item in Figure 7 states the arithmetic induction principle. This is an example of
how one can compress an infinite axiom scheme into a single formula, taking advantage of the
first-order metalanguage.

7.2 Finite set theory, within map calculus

As a further example of use of conjugated quasi-projections, we now show how to formulate a
set theory in the map formalism. Figure 9 contains an axiomatization of a theory of hereditarily
finite sets including the axioms of extensionality (E), pairing (Pair), subset (S), unionset (U),
powerset (Pow), transitive embedding (T), finiteness (F), and regularity (R). Notice that (S)
is an axiom scheme parametrized by the map expression P.

To set the ground for the map formulation of these axioms, some helpful notation is provided,
see Figure 8, (the set inclusion relation C should not to be confused with the map inclusion relation
C). The rather straightforward outcome of the translation is then displayed in Figure 10. The
main map constructor is V( - ). It is defined in such a manner that, for each map expression P, it
holds that V(P )y < Vu(xPu < wu € y). Through this constructor, the formal characterization
of familiar set operations such as monadic union Un, power set Pow, dyadic union U, and set
difference \, are immediate. The null set is characterized by means of the predicate void (cf. (N)
in Figure 11), absolute on its right. 7y and m; are a pair of partial functions that, thanks to the
axiom (Pair) of Figure 10, will turn out to be conjugated quasi-projections (cf. [TG87] p. 129, and

13



S =p €1 2= 271¢ C=pe 271

—Def =
1

53=,,205> ce=,,(33) 3,3 =, 2 o funPart(3)
| 7o =pfunPart(243) ™ =pe 22 N((33Um0) 1)
void =, €10 - Ur =,,2A:T0
V(P) = (Pt¢)N(Pie)
| Un =, V(3>) Pow =, V( 2)) |
U =p(Unoln)N(mol) \ =0 V((m03 )N (w0 Z))
| with =, V((m0 2 )Um ) less =,.;V( (7m0 > )N7T) ]
TotFun(n~1) € Clo(nne) e\UrC1o(n\Ur) voidNt Cn

Primitive map letters: €, n

Figure 8: Definitions of useful derived set constructs (in £X and £T)

(E) VeVy (Vu(ucazeoazcy)—a=y)

(Pair) VeVy3dzVu(u ez —u=aVu=1y)

(S) Vw Iy Vu (Fz (wmz Au € z) ANwPu «— u€y)

(U) Ve Iz Vy(y €z Fu(uczAycu))

(Pow) Ve IzVy(yezeVu(uey —uca))

(T) Ve 3z (r€2AVyVu(yEuAucz—yecz))

(F) Vm(ﬂy(yex) — ﬂz(zGx/\Vu(uEx/\u#zaﬂv(veu/\vgz))))
(R) Vo Vo (vexA-Ur(v) —nz€aA-Ur(nz)Avgnz)

Figure 9: First-order formulation of the theory of hereditarily finite sets (in £T)

Sec.9.2 below). The predicate 7, defined by the last four map equalities in Figure 8, corresponds
to the Skolem function occurring in the first-order formulation of (R).

(E) V(3)<C (Pow) Total( Pow)
(Pair) 1=7y'om (T) Total(((ZJT(@UG ))ne )
(S) TotaI(V((Trloa)ﬂP)) (F) egﬂo(em((u)z)fg))
(U)  Total(tn) R)  e\UrC goy

Figure 10: Map-formulation of finite set theory (in £*)

Let us explain the few theorems of this set theory that are listed in Figure 11: (IN) states the
existence of a null set; the addition and removal lemmas (W), (L) enable one to insert/withdraw
a given v into/from any set  so as to obtain the sets z U {v} and z \ {v} respectively.

The consequences of the proposed axioms also comprise (mainly by virtue of (T) and (F)) the
usual replacement scheme (Repl), the principle (Ch) of choice, a weaker formulation, (Sp), of
the subset scheme and a broader formulation, (S;), of it.

In order to allow the theory to deal with urelements, the following extension is needed to bring
plenty of urelements into set theory:
(Ur) S53oUr=1
ie, VyIz(zezAVu(ucy—z¢u))
As by Figure 8, Ur is a predicate (absolute on its right) that characterizes urelements as being
those individuals a such that a € {a}, very much in the spirit of [Qui63]. The ‘plenitude’ axiom
(Ur) implies the existence of infinitely many urelements.

To avoid urelements altogether, one might choose to replace plenitude by the antithetic axiom
Ur=@, which would transform the above (R) into the unrestrained regularity axiom:
eCdon, ie,VaVy(yceax—-nrexzhygnx).
In the same frame of mind, one could supersede the finiteness axiom (F) (based on [Tar24])
by an infinity axiom (I) such as, for instance, the one of [PP91], presented in Figure 12.
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(Repl) Tota|§v(( > o funPart(Q))N P))

() LConst(yoid) (So) Total( V( 3N P))
(g)) %2:8:5?)) (S1)  Fun(Q)— Total( V((Q o3 )nP))

(Ch)  Total( #1(void 'U(350¢€)))

Figure 11: Theorems in the hereditarily finite set theory (in £X)

M (ztee)ngn(Ft(eus)tg)nzZn(55te) L.

EleEle(Uwogwl A legwo /\w0¢w1 A wlgwo/\
wo #wy A Vo €woVy €wy (z EYyVy Ex))

ie.,

Figure 12: Infinity axiom for set theory

However, when it comes to exploiting Set Theory in algorithm specification (cf. [SDDS86]) or
program certified derivation (cf. [KP95]), an axiomatic system hosting urelements at will and im-
posing that all sets be finite, like the one proposed above, seems preferable to such well-established
systems as Zermelo-Fraenkel (cf. [Sho67]).

8 A tough exercise in map specification: lattice theory

As for expressibility in £*, [Kwa81] and [TG87] classify many sentences as shown in Figure 13.
Of these sentences, the ones in the first group are provable in the most varied theories of sets;
those in the second group can be interpreted in LATTICE THEORY (which deals with the ordering
relations where every finite nonempty subset of the domain has inflimum] and sup[remum]). In
contrast with [Kwa81], which claims that (3) is inexpressible, [TG87] says that it is not known
whether or not (3) is expressible in £*. The collection of all sentences expressible in £* was

(1) (Va,y)dwVv(vew—v=aVvo=y) YES
(1a) (Vm,y)(ﬂu(azeu/\yEu)—GwVv(vEw<—>v=x\/v:y)) NO
(1b) (‘v’z:,y)(ﬂux6u/\3vy€v—>3wVv(v€w<—>v:m\/v:y)) NO
(1¢) (V:r,y)(Equeu/\EI'uyGvﬂElw(Vv(veva:va:y)/\EluwEu)) YES
(2) (Vz,y)duVo(vEu—v €aVv €y) NO
(2a) (Vaz,y)3uVo(veEu—v eaxvv e y)AVa IyVo(v € y—v =2a) YES
3) (Vz,y)3wVu(u € w—u=aVu €y) NO (?)
(3a) (Vaz,y)dwVu(u€w—u=zVu €y)AI2Vr ~x € 2 YES
4) (Vz,y)IvVu(z<uAy<u—v<u) NO
(5) (Vz,y)dvVu(u<zAu<y—u <o) NO
(4a) (Va:,y)ﬂv(ajgv/\ygv/\b’u(xgu/\yguﬂvgu)) NO
(5a) (V:r,y)EIv(vSx/\vgyAVu(ugm/\ugyﬂugv)) NO
©6) (@WAB)AVzz<zA(Vz,y,z)(z<yANy<z—ozx<z)
AVz,y)(z<yAhy<z—zr=y)AJzVyr<yAIyVzz<y NO

Figure 13: Expressibility in set theory and lattice theory

shown to be undecidable in [Kwa81].

What shall we do if a theory is not strong enough to make two conjugated quasi-projections
available? Succeeding in expressing in £* its axioms, if nothing else, would itself be a gratification;
however, the axioms of lattice theory (cf. sentences (4a), (5a), (6) of Figure 13) appear to be
already beyond the expressive boundaries of £*.

Our goal, in the next four sections, is to encode in L* a satisfactory surrogate of lattice theory
by resorting to a device of a semantic, rather than of a syntactic, nature. This device consists
in enlarging the domain of discourse. The idea is simply to avoid referring to the domain D,
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partially ordered and equipped with infimum and supremum operations; this will be superseded
by the domain L = {0} U {{a,b} : a,b in D}, whose singletons {a} can be identified with the
entities a in the original domain D.5> Unordered pairs are in a sense extraneous to the structure
D, <,inf,sup in which we are truly interested, very much like singletons are replacements for the
true entities of discourse; nevertheless, the formal properties to be stated in the following will
enable one to reason, by ‘metaphor’, on the usual lattices. The operations inf e sup shall be
treated as monadic operations, hence dyadic relations, over the (enlarged) domain of discourse:
an essential condition, this, for their properties to be formalizable in the map calculus.

The characterization of lattices will be carried out so as to get along the way weak but useful
deductive contexts. The technique to be exploited can be adapted to any context where each
(n + 1)-ary operation * (like inf and sup) meets the condition

*(Xoy .oy Tn) = *(Trgs- -+, Tx, ) for any permutation .

8.1 Inclusion theory, within map calculus

Can one instruct a theory of inclusion which does not presuppose a more fundamental theory of
membership? By performing this task, one should rediscover something strictly akin to Aristotle’s
assertory syllogistic.

To make this and the subsequent three sections easier to read, we will develop in parallel a
map-based formalization and a first-order formulation of the notions entering into play.

Let us recall, to start with, that the set inclusion relation C is a partial ordering relation:

CoCCG, cnNa=u¢

Clearly, the former of these condition expresses the transitivity law while the latter combines the
reflexivity law « C C and the antisymmetry law C N 2D C .

Preliminary to introducing a counterfeit membership relation (which will, in fact, be a sub-
relation of inclusion), we now introduce new forms of abbreviations.® By putting

void =, C 10, ie. Vvoid. =, VaV Cx,
and
snglORvoid =,_, (U 2 ) 1 void, sngl =, void N snglORvoid,
ie. Ssngl_ =, Svoid_ AVz(xzCS—ax=S5Vazvoid_),
one easily verifies in £* the right-absoluteness of the predicates ‘is void’ and ‘is singleton’:
voido 1l =void 7@, snglo 1 =sngl{0.

The existence of a sole void is easily proved along the following line: if V and W are void, then
either of them is included in the other, hence the two are equal, thanks to antisymmetry. (Of
course this argument cannot be mimicked directly in £* where variables for V, W are missing.)

Here follows the definition of € that we set up:

€ =p;snglNC, e SeX =,,9sngl _ANSCX.
The addition of the following EXTENSIONALITY axiom appears to be mandatory:
O21¢CD, e Vw(we X—-wCY )X CY.

One easily sees (at least in first-order logic) that if the entities belonging to X and to Y are the
same (i.e. Vw(w € X—w €Y)), then X and Y are, by antisymmetry, equal; analogously, if X and
Y include the same entities (i.e. Yw (w C X—w C Y')), then extensionality and antisymmetry,
taken together, force them to be equal.

It seems convenient to end by postulating the EXISTENCE OF VOID:

void # 0, i.e. JoVyv Cuy.
Analogously we could —but we refrain from this— add postulates like
ODt0#D  (ie. FtVyy i)

however this assumption that an omni-comprehensive set exists, or similar ones (e.g., assuming

5 A non-hierarchical domain of sets richer than this, for example the family Pow(D) of all subsets of D, would
also do to the job. This is an idea to which we might resort in the future, in order to cope with the theories of
complete lattices, and of Boolean algebras.

6Certain customary forms of abbreviation are left understood; e.g., (VY xPy )¢ =pVz (xPy—p), (32Qy )y =
per 32 (zQy A Y ), and zPyQz =p. zPy A yQz. Moreover, following Prolog, we represent by _ a variable that
occurs only once.
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that the family of sets to be dealt with enjoys particular closure properties), would be out of scale
w.r.t. the limited goals of the present work.”

8.2 Selectors and choice functions, within map calculus

We say that o is a SELECTOR if it enjoys the following properties:
o C CNsnglORvoid, ie. XoY—=XCYA(VvC X)(v=XVwvvoid._).
We then say that a selector is GLOBAL when
void Co~lol and moreover void No C void™?,
ie.
=Y void . — Jx xoY A (VzoY )-z void _.

An example of global selector is membership. In a sense this is the greatest of all global

selectors o, each one of which is in fact bound to fulfill the condition
o C €U (void N void ™).

To switch to the opposite extreme, let us consider the global selectors that are in a sense minimal:
these are the so-called GLOBAL CHOICE FUNCTIONS. Any such 7 is characterized by
e being a global selector;
e being a function in its second argument, and, as such
e being total (for this, it suffices to require that void N void ' Cn).
One easily sees what is the task of n (cf. Figure 14), namely to extract from any nonnull set one
and only one singleton contained in it—furthermore, for the sake of definiteness, we want that n
associates to the null set the null set itself.

In order to base a lattice theory on £*, we need two global choice functions, n; and 75, (for
our purposes what really counts is that they be defined for all sets with one or two members;
however, while singletons have been characterized already, pairs will be defined just through n;
and 72). In addition to being global choice functions, n; and 7. shall disagree whenever possible.
DISAGREEMENT postulate:

mNmCe, ie. YmXAYnpX—-X=Y.

If we were to treat more than two global choice functions —which would be useless here, as
we need to consider sets with two members at most—, the disagreement postulate would take the
form shown at the bottom of Figure 14.

7 C eU(voidNvoid 1), ie.,
YnX — YeXV(Yvoid_. A Xvoid_);
B mon ' C o, ie, |
YnXAZ X — Z=Y;
B v C ntom, e, |
dz  anY
Lo(mNnit) = OF(¢gUmU---Un), e, |
Jy(yniX AyniaX) = Vy(y & XvymXV.---vyn X ).

Figure 14: Properties of global choice functions 11, n9,ns, . ..

8.3 Unordered pair theory, within map calculus

With the conceptual devices made ready so far, we can instruct a theory of unordered pairs. To
the postulates on inclusion we add the following PAIRING postulate:
snglNsngl ™ Cmony ' Umpom ™,

70On the other hand, something like the following UNION postulate might turn out useful in order to move from
lattice theory to the theory of complete lattices:
CoD=1, Iie. Ju(X CuAY Cu).
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ie.
Xsngl _AYsngl — 3w((XmwAY nw)(XnpwAY nw)).
(With this, o ! and Ny ! come close to being conjugated quasi-projections, relative to the sub-
domain of & made of all singletons.)
A set devoid of members, or with only one or two, can be characterized as follows in the theory
of inclusion enriched with the axioms already seen about n; and 7s:
dbl =, ( 2U¢)t(voidUn Ung)
ie.
Wdbl X =, Vz(z CW # z—zvoid Vzn XVzny X).
At this point we add a weak postulate of UNION, which regards singletons:
mNvoid C Co(( 2ony)Ndbl),
ie.
Ly X AN=Lvoid —(Jw,u)(L Cwdbl X Aw Dun X).

8.4 Lattice theory: an inexpressible outflanked

In sight of a theory of lattices, we introduce now the predicate letters inf and sup, for which we
demand in the first place that
e they be (partial) functions in their second argument:

infoinf~1C o, suposup 'C i
e they have in their domain all singletons and pairs:
=1 .
dbl \ void C{ mfﬁl }o]l, ie. —X void _ A X dbl —>3yy{ inf }X;
= | sup sup

e every image of theirs be a singleton:
inf Usup C sngl, i.e. Y inf XVY sup X—Y sngl ;
e they disagree with each other:
inf Nsup C .
Nothing very engaging so far: we could take inf and sup to be n; \ void and 7, \ void. However,
here we arrive at the partial ordering relation of a lattice:
<=,.(eninf)o( ensup)’,
ie.
X<Y =, Ju(Xcus3YAXinfusup~tY).
We impose on this relation the partial ordering laws, which we state in the following form:
<o<CK, <N> =snglNut.
(Therefore X sngl _—X < X, whence, by exploiting the definition of < and the disagreement
between inf and sup, we will obtain that
X sngl _—X inf X sup X,
to wit that
snglN ¢ C inf Nsup,
i.e.: Buvery singleton is a fizpoint of both inf and sup.)

We conclude with more intricate conditions on inf and sup, which are the ones of MONOTONIC-

ITY and of MIN-/MAX-IMALITY. Let us begin with the former two:
XCYALinfXAMinfYANL#M—(Vw,u)(wdbluAL € w>M—Minfw),
which is to say
7N (infoDoinf ') C (¢ Uinf)t((dblf@)U ¥ ),

and an analogous condition on sup. From these one gets that the inf of a set is a lower bound for
its members (info 3 C <), while its sup is an upper bound.

As for the latter two conditions, one is:

(<t¢)oinf'C<, de  YinfWA(VzeW)X <2-X<Y.

This states that when the operation inf is applied to a pair or singleton W, or when it anyway
associates an image to W, it produces the greatest lower bound of the members of W as it should.
Analoguously one characterizes the minimality of the upper bound produced by sup.
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Let us now put together the various pieces of lattice theory developed so far. The map letters
that we are regarding as PRIMITIVE are C, 71, 72, inf, sup; the DERIVED ones are introduced via
the following abbreviations:

> =p < T 2 Zpe &
Z EDef Z 2 EDef j
void =5, CT10 snglORvoid =,.; (¢U 2 ) void
sngl =p.; snglORvoid \ void
€ =p. snglNC > =, €1
¢ =pe € ? =pe 2
dbl =, (2U¢)f(voidUn Un) < =pe ((€Ninf)o( eﬁsup)A

In the Ax10MS listed in Figure 15, through which we have meant to characterize the LATTICE
structure, 7 stands in turn for n; and for 7.

CoCCC CnNa=u
J1ccc void @
n € C NsnglORvoid
void Cnptod void Nn C void™*
non ' Cu void Nvoid™* C 7
nmNn Ce
snglNsngl T Cmron,  Unon, !
m \void C C o(( Don)Ndbl)
infoinf 1T C . suposup ' C¢
dbl \ void C inf 1o 1 dbl\ void C sup~to 1
inf U sup C sngl infNsup C .
<o<C< <Nz =snglNe
7N (info Doinf 1) C (¢ uinf)t((dblt0)UZ )
7N (supoDosup ') C (¢Usup)t((dblta)u7 )
(<t¢)oinftC< supo(FT<)C<

Figure 15: Map formulation of lattice theory

9 Towards the implementation of a basic map reasoning
layer

As stated in the introduction and stressed again at the end of Sec.4, the authors have in mind to
bring various techniques and tools useful to map reasoning inside a platform for computational
logic. In sight of this, the following section addresses an issue of a most fundamental charac-
ter presupposed by any effective map-expression simplifier: What would be a suitable internal
representation of expressions and formulas?

Then, in the subsequent section, we speculate on plausible interactions between research on
the automation of map reasoning and research on decidable fragments of set theory.

9.1 Clues for a representation of map expressions and formulas

It has become customary since the early sixties to represent formulas in conjunctive normal form
as sets of sets of literals, and the same treatment can, of course, be given to disjunctive normal
forms. The rationale for employing sets in the representation of expressions of some kind holds
whenever one is to deal with an associative-commutative binary operator, x, which enjoys the
idempotency law x * x = x, or something similar, e.g. a rule of the form z x z xy = ey (with e
designating a monadic operation). Hence this idea applies, in the contexts of map calculus and of
L7, to all of the constructs N, A, U, A, V, <, and <.

Another useful idea is that every map expression P has a certain POLARITY; although conven-
tions on this may widely vary, it looks reasonable to regard, e.g., as

19



positive: all expressions of the forms
Pi, p7j_17 QQR, QOR7 <>P7 IL’ etc.;

negative: all expressions of the forms
Eiv pi_la 52‘_17 Q UR7 Q —i_ Ra etc.

The same idea can be extended to formulas: if one —say— chooses to regard conjunctions, exclu-
sive disjunctions, and existentially quantified formulas as positive, then one should regard inclusive
disjunctions, bi-implications, and universally quantified formulas as negative; and so on.

There is a single point where symmetry breaks off, namely at the formation of atomic formulas.
We see no good reasons to associate opposite polarities to Q7R and to Q=R; rather, it seems
convenient to standardize these as o(Q A R)=1 and ¢(Q A R)=1 respectively. The expressions
o(Q A R) and o(Q A R) will, of course, have opposite polarities, but their polarities do not
propagate to the respective map equalities. Likewise, we refrain from considering the polarity of
an atom of the form xQy as being opposite to the polarity of an atom of the form wRv, whatever
the polarities of Q and R may be.

Broadly speaking, the effectiveness of a symbolic method of simplification rests on the choice
of a convenient internal representation for the expressions to be treated. In the following, we
indicate with (P) the internal representation of an expression of which P denotes the external (or
‘concrete’) representation.

The ideas in the preceding paragraphs lead to the internal representation of a multiple inter-
section Q1 N -+ - N Qy (Where no Q; is of the form R; N.S;) as a single operator () applied to two
arguments:

<Q1 n---n QWLEDef ﬂ ( {<P1>’ R <Ph>}a {<N1>7 ) <Nk>} )’
where {(P1),...,(Pn), (N1),..., (Nk)} = {{Q1),...,(@m)}, and the P;s and the Nys all have pos-
itive polarity. Symmetrically,

<Q1 U"'UQm> =Det U({<Nl>’a<Nk>}>{<P1>7a<Ph>})v
where the @;s are related to P;s and Ngs in the same manner as before.

The representation of a map expression Q1 A - - - AQ,, is similar but simpler. For j =1,...,m,
let P; be of positive polarity and suitably chosen in order that either P; = Q; or F* Pj=Q);.
Moreover, let

S({(P1),...,(Pn if the number of js for which P; = @; is even,

Qi B Qm) Zpes { fg %EPli, ceey EPm;{ ; otherwise. ’ =

Let us make it clear that, in the above, (), |J, X, and X are operators used only in the
internal representation of expressions, and that ¥ and ¥ (in analogy to () and |J) carry opposite
polarities. Insisting on an exact correspondence between external and internal operators would
only make an obstacle to the ease of internal standardization of expressions, leading to a more
cumbersome map simplification process.

Once the design choice is made of having a harmless discrepancy between the signature that
supports the internal representation and the one used in the external representation, it also

L L
becomes acceptable to introduce a number of combined operators, e.g. () and |J. Internally

O (LPD, o (PO AN, - (N2)}) will represent (¢n Py -~ Py )\ (N1 U--- U Ny, ); there-

L

L
fore (| will —together with @, 1, ¢, with its dual operator | J, and with a few other internal
constructs— represent a self-inverse operator, i.e., it will produce map expressions R for which
F* R~'=R.

In connection with the Peircean operators o and 1, the internal representation can again deviate
from the external one; however, since these operators are not commutative, sets cannot be of great
help here.

A possibility is to exploit an operator

<>( [[<P00>?"'ﬂ<P0no>]7"'ﬂ[<Ph0>ﬂ"'7<Phnh>]])
to represent
o(Pypo-0oPy,olloPgo---0oP,,0ollo--0olloPygo---0 Py, ),
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an operator dual to this to represent

Bt (Poot- 1 Ponet @t Prot,-+ T Pin, T0F--- 101 Prot--1Phn, )10,
and four additional internal operators to represent left-absolute expressions of the forms 1 o Py o
0Py, 01 PooT: T Phnn, and right-absolute expressions of the forms Pyp o --- 0 Ppy, o 1,
Poot--- 1t Phn, 10.

At the connective level, a convenient representation of conjunctions and disjunctions is as

d d/\l(l{[nlvgl]v"'a[nhaah]v[7m1a7_1]7~'~7[7mk77_k]}3 {\/(DbCl )7’~~$V(DT70T)})
and, dually, as
V({[m17Tl];-~-7[mkaTk]v[_nlao’lL---;[_nh70h]}a {/\(CI7D1 )a"'7/\(C’F7DT )})

Here n;s, m;s and r are natural numbers and the n;s (respectively, the m;s) are pairwise distinct;
moreover h+k+1r > 1 and every o; or 7; is a function defined on a finite set of natural numbers
which sends them into predicates of positive polarity. The meaning of ¢;(s) = P is P=1 when
n; = s =0, it is vy Pvs when n; = 0 and s # 0, and is v,, Pvs when n; # 0 (in which case n; < s
must hold); likewise, 7;(t) = N means either N=0 or v Nv; or vijvt.

If we now reconsider the graph-thinning algorithm in Sec.5.1, it should be clear that its aim
is to apply a bunch of existential quantifiers to a multiple conjunction represented as above (with
r = 0), in an effort to eliminate those quantifiers by suitably restructuring the conjunction. The
very same algorithm can, of course, succeed in eliminating universal quantifiers placed in front
of a disjunction of atoms. The import of that algorithm should be broadened in the future, in
particular by removing the restriction that » = 0.

9.2 Quest for syllogistics dealing with set combinators

A line of research initiated in the late seventies led to the discovery of a number of decidable
fragments of set theories. Among the decision algorithms, known as SYLLOGISTICS, some deal
with map constructs (cf. Chapter 9 of [CFO89]); hence we expect that they can offer useful
support to map reasoning in the framework of £*. However, since they were originally conceived
in the framework of Set Theory, they will need some adaptation to be exploitable in the new
context.

Conversely, as we have seen in Sec.7.2, one can express set theories in the map calculus.
Accordingly, syllogistics that are ordinarily referred to first-order set theories can also be viewed
as solvers for somewhat specific map reasoning problems. From this standpoint one may get a new
insight on the decision problem for fragments of set theories, ultimately leading to enhancements
of the known syllogistics in unprecedented directions.

To hint at the point with a simple case-study, let us briefly consider here multi-level syllogistic
with singleton, or MLSS. The problem at hand is the one of testing for satisfiability an unquantified
formula that can only involve set variables, the null-set constant @), and the remaining constructs
of Figure 16, which are

e the monadic singleton operator {-};

e the dyadic operators N, \, U—provisionally designating, here, operations on sets;
e membership and set-equality relators; and

e propositional connectives.

Primitive Derived
= €. . g .
- —. A - VA — PN ]

Figure 16: Constructs of the multilevel syllogistic language
This decision problem, which was first shown to be solvable in [FOS80], is easily reduced to

the satisfiability problem for conjunctions of literals of the following forms (where z, y, u stand for
individual variables):
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uey, u=y, wFy,
0=azny, uCy, u={y}, u=2zUy.
To reformulate any such conjunction in map-theoretic terms, we can translate its MLSS-literals
into corresponding map formulas, one by one, as indicated in Figure 17.

U=y ~ uLy uF£ Yy ~ uly UEY ~» UEY
f=zny ~ 250€y uCy ~ u # ey u={y} ~ yeuryii¢u
u=axUy ~ prmpz ApmyAz CurAyCuliu F f( €Eoc€e)p

Figure 17: Rules for translating MLSS into the map calculus

The key idea of this translation is the introduction of two conjugated quasi-projections 7y and
m1. Having in mind the classical pair notion due to Kuratowski, namely
[2,y] =p. {{z} {y,2}},
these can be defined as already seen in Figure 8, to the effect that
pmox — {z}epAVzep(z#{ztAnz#0—(3uveEz)utv),
pmy < yeEpA(Vzeep)(z#y—pmoz).

We have now seen how to rewrite an MLSS-formula as a conjunction of atoms of the form
xSy, where S is drawn from a finite collection of combinators: ¢, 7, €, 50 €, F T €, etc. Now the
question arises naturally: To what extent, and by what criteria, could we broaden the collection
of admitted set combinators, without losing decidability or leaving the complexity class of MLSS
(whose decision problem is NP-complete)?

10 Safe map reasoning

There is an evident kinship between £* and the relational algebra language used in the database
field. There are obvious differences, too; to mention one, the map letters of £L* represent dyadic
relations, whereas database languages have to manage relations in any number of arguments.
Moreover, in £* complementation is made w.r.t. a fixed universe of discourse, which may be
infinite. In the latter regard £* exceeds the needs of database management, as it may bring
infinite relations into play. Thus, in order that the kinship between £* and relational algebra
can really make £* paradigmatic —on the small scale— of symbolic languages of great practical
value, one must occasionally restrain the forms of notation and reasoning allowed in £*, so as to
ban infinite maps from consideration. Establishing tight correspondences between formalisms is
generally enlightening, and we see, e.g., an analogy between translating first-order theories into
L* (cf. Sec.7) and translating Datalog into relational algebra (cf. [Ull89]), to the extent to which
these translations are possible.

SAFE map reasoning ought to imply no engagement about the availability of infinite maps
(even assuming an infinite domain U of discourse). A drastic choice, to achieve this, would be to
do entirely without 1 and .. However, this would expunge —together with undesired operations
such as complementation— useful secondary operations such as those of forming PNt and PoloQ
out of safe map expressions P,(). These or similar operations could, as a remedy, be taken as
primitives; likewise, inequalities P7#(@) should somehow be readmitted into play.

All of this would, of course, impose a redesign of the deductive apparatus proposed for £*
(cf. Sec.3), that reflected the intended meaning of the additional primitive constructs while en-
suring the safeness of each step in a derivation. We expect that this can be done in a way that
guarantees that when P, Q) are safe and P=Q (respectively, P#Q) belongs to ©*(C), where all
constraints in C are safe, then P=Q (resp. P#Q) can be safely derived from C. As initial
moves in the direction of safe map reasoning, we have adopted /A as a primitive construct of
L* (whereas [TG87] adopts complementation); we have accordingly chosen a set A* of logical
axioms for £* where the role of 1 is very marginal; moreover, in Sec.2 we have preferred safe

characterizations of U and \ to simpler ones such as would have been: PUQ =,,PNQ and
P\Q =.PnQ.
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10.1 Safe map expression recognition

Definition. An interpretation S is said to be SAFE if it assigns maps of finite cardinality to the
map letters.

A map expression S is said to be SAFE if its value S° is necessarily finite, i.e., finite in any
safe interpretation . a
(Accordingly, a map expression P is said to be unsafe if it is possibly infinite, i.e., PY is infinite
in some safe interpretation .)

In connection with the goals just explained, one would like to be able to determine which map
expressions are safe, and which ones are not. Success can be achieved, but only in special subcases,
i.e., by placing syntactic restrictions on the form of the map expressions to be tested for safeness.
In general (if only for efficiency purposes), one may have to resort to criteria which occasionally
classify as unsafe an expression which is actually safe. This makes it sensible to define effective
surrogates of the safeness notion:

Definition. Let S be an algorithm which gives a yes/no answer to any P drawn from a collection
F of map expressions, so as to ensure that P is safe whenever S(P) = yes.
When S(S) = yes, one says that S is DERIVABLY SAFE w.r.t. S. O

A simple-minded example is the following.

Example. Take
e Fy to be the collection of all map expressions that do not involve any of the Peircean constructs
(which are 0,71 | 1; in essence we are considering ordinary Boolean expressions, interpreting their
letters as sets of pairs);
e Sy(P) to be a sound and complete unsatisfiability test for the inequality P#£®, where P belongs
to .7:0.
It should be apparent that, w.r.t. Sp, the derivably safe map expressions correspond to unsatisfiable
propositional sentences, with N, A, @, 1 playing the réles of conjunction, exclusive disjunction,
false, and true. O

We have thus reduced a subproblem of safeness to 3-SAT (cf. [GJ79]), possibly at the price
of missing many safe expressions; there is no evidence, indeed, that Sy(S) = yes when S is safe,
though the opposite implication obviously holds.

An absolute safeness test for the same ‘Boolean’ collection of expressions we have just considered
can be based on the version of two-level syllogistic described in [CFOS89], pp.192-194. More
directly:

Example. Let
o F1 = Fy, where Fy is as in the preceding example;
e S1(P) work on any P belonging to F; as follows:
A letter py not occurring in P is chosen; for every letter p; in P, one imposes that p;Cpy;
moreover, one imposes that PCpy.
By merely Boolean techniques, S;(P) establishes whether or not the conjunction of all these
inclusions entails py=1, and, accordingly, answers negatively or affirmatively.
O

A detailed analysis of the approach in the latter example shows that not only we have a sound
and complete safeness test (though limited to the collection Fj of expressions), but that we can
make P¥ = () when S;(P) gives a yes answer, simply by interpreting all map letters as ().

Preliminary to seeing another line of attack to the safeness problem, we make an easy obser-
vation:

Lemma. Let P be any map expression; moreover, let
Ip(a) =pe{b|la,b] € P7}, Dp(b) =p.{al|la,b] € P},
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and
P = |J Z2(0), DP = |J DR,
cinld cinld
where &, U are an interpretation and its domain, and a,b are elements of U.

In a safe interpretation <& it holds that:

1) the set Z3(a), as well as the set D3 (b), is either finite or has a finite complement w.r.t. U

(in short, it is cofinite);  consequently,
2) the set Z3, as well as the set D3, is either finite or cofinite. |

Let us now consider the collection F5 consisting of all map expressions that do not involve A.
We subdivide F; into six equivalence classes, with representative elements @, s,¢,soll,1os, 1
(here s is a short for py):

)

@ represents the class consisting of all expressions whose value is necessarily ;

S represents the class of those expressions whose value is necessarily finite but not necessarily ()
(among them, all map letters p;);

. . . x
L represents the class of those expressions whose value is necessarily a subset of ¥ whose comple-
. . . .
ment in ¢~ is possibly finite;

5 o 1 represents the class of those expressions whose value’s domain and image, unless empty,
are: a necessarily finite subset of U, and a possibly cofinite subset of U, respectively;

1 o 5 represents the class of those expressions whose value’s domain and image, unless empty,
are: a possibly cofinite subset of U/, and a necessarily finite subset of U, respectively;

1 represents the class of all expressions whose value has a possibly finite complement in /2.

It will turn out from the ongoing that, in F5, the equivalence class of @ consists of all expressions
where @ occurs at least once. Moreover, the equivalence class of 1 (respectively, of ¢) is composed
by expressions whose value is necessarily U? (resp., {[a,a] : a inU}).

To assess the TYPE of each expression P, i.e. the equivalence class to which P belongs, we
can exploit a small algebra of types, with operations analogous to those in F5. The laws of this
algebra are shown in Figure 18. One begins with assigning the type s to all map letters in the
given P, and then propagates type information through the whole of P by the rules of the type
algebra. It is easily seen that P is safe if and only if its type, so determined, turns out to be either
@ or s.

(AxB)xC =A% (Bx(C)

AxA=A
DxA=AxD=10 *E{o,ﬂ}
IR ANB=BnNA S
sND=s 1NA=A D#0p

tN(Los)=(Los)Nt=s
(Los)N(sol)=s
toA=Aor=A

sollos=3s

flosol =1
AoB) '=BloA™l
sTl=3s =
0 =0 17'=1

Figure 18: Abstract algebraic interpretation of F3 for safeness determination
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In order to treat A together with the constructs of Fs, as regards the safeness problem, one
may need a combination of the two lines of attack discussed above.

To see why, consider the expression ( Lo((p ﬂL)\(pgﬁL)))ﬂ(ﬂ.O(PzﬂL)), where P\ Q
is a short for PN (Q A P) as before. Of course this designates ), and hence should be regarded
as safe, but it would be typed as unsafe (specifically, it would be assigned to the class 1 o s) if one
were to enhance the rules of Figure 18 with the new rule s A s = s —as it seems, at first glance,
reasonable to do. The point is that disjoint union types such as s U@ would be needed for a fine
safeness analysis as soon as A\ enters into play; in particular rules such as Ax A = AU® would be
more accurate than the (formerly adequate) Ax A = A, when x € {N, A}. Difficulties arising from
the presence of /A can be circumvented in favorable cases by ad hoc algorithms that can decide
whether a specific expression necessarily bears the value @ (cf. the first example in this section).

11 Conclusions

The language of the map calculus, when properly used, may lead to terse specifications and even
to a certain ‘knowledge compression’ with respect to quantified logic (suffice it to consider the
characterization of bisimulations in Sec.2). Nevertheless it appears to be overly machine-oriented
and a bit too awkward to attract human beings. This is why one should invest a certain amount
of effort in developing programs and techniques for an effective translation of first-order theories
into the map language. Then, and only then, a fair comparison between formalisms can be carried
out.

At any rate, this paper does not claim that the map calculus should substitute predicate logic
in the practice of automated theorem-proving. Even at the machine level, predicate logic has a
rich battery of refinements of resolution to offer, and it would make no sense to discard the results
of over thirty-five years of experience. A primary reason to be interested in the map calculus is
that it bridges first-order predicate reasoning without equality with purely equational reasoning,
which also has a long history, a rich field of research, and a number of successes.

An equational formulation of the theory of successor (as the one seen in Figure 1) may not
be rewarding in any sense, due to the very elementary character of the theory itself. However,
the situation might change with the Peano arithmetic or with theories of sets (cf. Figures 7
and 10); here the challenging nature of principles such as the arithmetic induction scheme or the
subset axiom scheme may justify the overhead of the axioms on relation algebras for an approach
alternative to resolution.

As far as we know, this paper provides the first detailed formulation, in the map language, of
several fundamental theories. The strength of these theories varies greatly—we have examined,
in fact, very simple theories such as the ones on flat set inclusion and on the successor, and
comparatively intricate ones, including a full-blown theory of nested lists and a theory of finite
hierarchical sets with (or without) urelements.

For the time being we only have a few experiments to report about —it took quite a while to
find a collection of logical axioms for £* that could drive satisfactorily a standard general-purpose
theorem prover; moreover, the implementation of a platform of techniques dealing directly with
map expressions and formulas is still under development—. The initial effort having now been
done of working out the map formulation of a number of interesting theories, we can today start
a rich variety of novel experiments that may lead to a precise assessment of the usability of the
map calculus and, we hope, to a recognition of its paradigmatic value.
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