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1 Introduction.

In a previous paper ([4]), we gave some versions of Vitali - Hahn - Saks and Nikodym
theorems for set functions with values in suitable Dedekind complete (I)-groups. In
this paper, we prove some versions of Dieudonné theorems, for ()-group-valued
finitely additive regular maps. In the literature, there exist several versions of the-
orems of this kind, for maps taking values in topological groups and/or Banach
spaces. Among the authors, we recall Brooks and Chacon ([5], [6]), Candeloro and
Letta ([7], [8]).

In the previous paper [2] similar results were proved with respect to the order

convergence for positive means taking values in spaces of the type LY(X, B, 11), where
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i is a o-additive locally finite positive IR-valued measure.

2 Preliminaries.

We begin with the following:

Definitions 2.1 An Abelian group (R, +) is called (I)-group if it is endowed with
a compatible ordering <, and is a lattice with respect to it.

An (I)-group R is said to be Dedekind complete if every nonempty subset of R,
bounded from above, has supremum in R. A sequence (r,), in R is said to be
order-convergent (or (o)-convergent ) to r if there exists a sequence (p,), in R such
that p, | 0 and |r, — 7| < p,, Vn € IN (see also [11], [15]), and we will write
(0)lim,, r, = r. A bounded double sequence (a;;);; in R is called (D)-sequence
or requlator if for all i € IN we have a;; | 0 as | — 4o00. A sequence (1), in
R is said to be (D)-convergent to r € R (and we write (D)lim,, r, = r) if there
exists a (D)-sequence (a;;);; in R, such that V¢ € INW, dng € IN such that

|rp — 1| < \/ Ui V1 € IN, n > ng. If Ais any nonempty set, (ré’\))n are sequences

i=1
in R and 7™ is in R for all A € A, we say that (D)lim, r = ™ uniformly

with respect to A € A if there exists a (D)-sequence (a;;);; in R, such that V¢ €
ZNJN, Jng € IN such that [r® — W] < \/ai’w) Vn e IN,n > nyand VA € A.

i=1
The sequence (1), is said to be (D)-Cauchy if (D) lim,(r, — 744+,) = 0 uniformly
with respect to p € IN.

An intermediate condition is the so-called (RD)-convergence: if A is any non-
empty set, (rﬁf\))n are sequences in R and r™ is in R for all A € A, we say that iV
(RD)-converges to r™ (convergence with respect to the same regulator) if there exists

a (D)-sequence (a;;);; in R, such that V¢ € ZNW, and every A € A there exists
ng € IN such that |r7(l)‘) — 7“(’\)| < \/ i p@) Y € IN, n > ng. In Lemma 2.3 there will
i=1

be stated a relationship between_simple D-convergence and (RD)-convergence, at

least when A is countable.
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In general, the limit of a sequence (with respect to (D)-convergence) is not unique.
However, there are some conditions on R, which are equivalent to uniqueness of the

limit: for example, weak o-distributivity, whose definition we report here below:

Definition 2.2 An (I)-group R is said to be weakly o-distributive if for every (D)-

sequence (a;;);; we have:

We note that (o0)-convergence of sequences always implies (D)-convergence, and
these two convergences are equivalent when R is weakly o-distributive (see [9]). We
now recall the following result (see [14], pp. 42-43), which will be useful in the

sequel.

Lemma 2.3 Let R be a Dedekind complete (1)-group (not necessarily weakly o-
distributive), (agll))i’l, n € IN, be a sequence of regulators in R. Then for every

u € R, u >0 there exists a (D)-sequence (a;;)iy in R such that:
(V) o v N
u/\ [Z ( ai,«p(im))] < \/ Qi (i) VoeIN“".
n=1 \i=1 i1

We now introduce the following:

Definitions 2.4 Let 2 be any infinite set, A C P(2) be an algebra, R be a
Dedekind complete weakly o-distributive (I)-group. We say that m : A — R is
bounded if 3w € R, w > 0: |m(A)| <w, VA € A. The maps m; : A — R, j € IN,

are equibounded if there exists an element u € R, u > 0, such that
Im;(A)| <u VjeIN,VAec A (1)

Given a finitely additive bounded measure (or, in short, mean) m : A — R, define
the semivariation of m,

va(m): A— R,

or simply

v(m): A— R,
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by setting

va(m)(A) = SO Im(B)], VA € A,

and, if ) # € C A, define vg(m) : A — R, by setting
ve(m)(A) = sup |m(B)|, VA€ A
Be€,BCA
A mean m : A — R is said to be o-additive (or, in short, measure ) if there exists a
(D)-sequence (u;;);; such that, V. € IV N and for every decreasing sequence (H;)s
in A, H, | 0, there exists s:

va(m)(Hs) < \/ wipn)-
i=1

If a sequence of measures m; : A — R, j € IN, is given, uniform o-additivity is
defined as above, but with 5 independent of j (See also [4]).

A finitely additive measure m : A — R is said to be (s)-bounded in ) # & C A, or
simply € — (s)-bounded, if there exists a (D)-sequence (w;;);; such that, V¢ € Al

and for every disjoint sequence (Hy)s in & there exists 5: Vs > 3,

ve(m)(Hy) < \/ wip)-
=1

If £ is as above, we say that the maps m; : A — R, j € IN, are E-uniformly
(s)-bounded if the above condition holds, but with 5 independent of j (see also [4]).
When € = A we simply speak of (s)—boundedness or uniform (s)—boundedness.
A typical consequence of (s)-boundedness of a mean m is that there exists the
limit m(A,) for monotone sequences (A,), in A (see [4]). As to uniformly (s)-
bounded measures, we shall report here a slight modification of Proposition 3.4 of

[4], which will be used later.

Proposition 2.5 Assume that (m;); is a sequence of R-valued uniformly (s)-boun-
ded finitely additive measures on A , and let (e;;);; be a regulator related to this

property. For every decreasing sequence (Ay), in A , the limit

r; = (RD) lim v(m;)(A,)

n—oo

exists uniformly in j, and the regulator (e;;);; works for this property.
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Given a sequence of means (mj)j N CE A — R, and a nonempty subfamily
E C A, we say that the m;’s (D)-converge to my pointwise with respect to the same
requlator, or in short (RD)lim; m; = mgy in 0 # £ C A, if there exists a (D)-
sequence (b;;);; such that V¢ € ﬂVlN, VAe€E, djy € IN such that

[m;(A) —mo(A)] < \/ bigwy VieN,j=>jo (2)
i=1
We note that the condition (2) is equivalent to the classical pointwise convergence

of the involved set functions in the case of metrizable groups.

Let now €2, R and A be as above. From now on, we assume that R is weakly o-
distributive, and F, G C A are two fixed lattices, such that the complement (with
respect to Q) of every element of F belongs to G. In the sequel we will not say
it explicitly. If € is a topological normal space [resp. locally compact Hausdorff
spacel, examples of A, F and G, satisfying the above properties, are the following:
A = {Borelian subsets of Q}, F = {closed sets }[resp.{compact sets} |, G = { open
sets }.

Definitions 2.6 A mean m : A — R is said to be regular if there exists a (D)-
sequence (7;;);; in R such that for each A € A, Vn € IN, 3F, € F, G, € G such
that

F,CF,,1CACG,1CG, VYn, (3)

and Vo € NV there exists no(A, p) € IN such that Vn > ng,
va(m)(Gn \ ) \/%«,o (4)
and if VW € F,Vn e IN,3F, € F, G), € G such that
WcCF, , CG,CF, Vn, (5)

and Vo € NI there exists no(A4, ¢) € IN such that Vn > ny,

va(m)(G, \ W) < \/ Visp(i)- (6)
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The means m; : A — R, j € IN, are said to be uniformly regular if there exists a
(D)-sequence (7;;);; in R such that VA € A and VW € F there exist sequences
(Fo)ns (Go)ny (ED)ny (GI)n as above | such that for each ¢ € INJN, (4) and (6) are
satisfied, with ng independent of j.

The following proposition shows that, if (m; : A — R), is a sequence of equibounded
regular means, even if they are not uniformly regular, the sequences (7;;)is, (Fn)n
(G, (El)n, (Gh)n above can be taken independently of j, satisfying (3),(4), (5)
and (6) Vj € IN.

Proposition 2.7 Let R be as above, A be any algebra, and (m; : A — R); be a
sequence of equibounded regular means. Then there exists a requlator (p;;)i; such
that, for every A € A and every W € F there exist sequences (Fy,), ,(F.), in F,
(Gp)n, (Gh)n in G, satisfying (3) and (5) and such that ¥ ¢ € NIV and j € IN
there exists no(A, W, p,7) € IN such that ¥n > ny,

lmmMQAEJSQmmm @
and

MWWK%\WVSQMMW 0
Proof: Set

w=sup [sup ()] 0

By hypothesis, for every A € A and j € IN, there exist a regulator (%(]z))zl and two
sequences (Gg))n, (F,gj))n such that FY) ¢ F, GV eg Vj,n € IN, and
FOcFY) cAcGY, cGY VineNl, (10)

and Vo € NIV and j € IN there exists ng € IV, ng(p,7), such that Vn > ng we

have:

va(m;)(GP\ FD)y < \/ 79, (11)
=1



Dieudonné-type theorems

Moreover, by Lemma 2.3, there exists a regulator (p;;);; such that

S (Vi) < Vi voem®
j=1 \i=1 i=1

where u is as in (9).

For every n € IN, set G,, = ﬂ]<an(f  F, = Uj<nFj: then G,, € G, F,, € F,
and A C G,, A D F, Vn € IN. Furthermore it is easy to check that G,,1 C G,
and F, 1 D F, Vn. Since G, \ F,, C GY \Féj) Vij,n € IN, then Vo € N and Vi
there exists ng € IN, ng(¢, j), such that

va(m;)(Gy \ F) \/pw() Vn > ng, (13)

and thus (3) and (7) are proved.

The proof of (5) and (8) is analogous to the one of (3) and (7): indeed, by
hypothesis and Lemma 2.3, the regulator (p;;);; in (12) is such that for all W € F
and j € IN there exist two sequences (G, (F'9)), such that F1YV) ¢ F, 'V e G
Vj,n € IN, and

wcr, YcaVcFrY vinen, (14)

and Vo € mﬁ , V7 € IN, there exists ng € IN, ng(y, 7), such that
(mj) G(J \ W \/ Dip(i) V1N = ng. (15)

It is readily seen that (5) and (8) are satisfied with F, = N, .9, G = N, G, Y.
|

We now introduce the concept of absolute continuity in our setting.

Definition 2.8 Let m be any R-valued finitely additive measure on A . Given any
other finitely additive measure v : A — IR}, we say that m is absolutely continuous
with respect to v (and write m < v) if there exists a (D)-sequence (a;;);; such that,
whenever (Hy )y is a sequence from A | satisfying limy, v(Hy) = 0, for every ¢ € IN N
an integer k can be found, such that |m(Hy)| < V52, i), for all k > k.
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In case v is fixed, and (m;); is a sequence of finitely additive measures on A, uniform
absolute continuity of the m;’s with respect to v can be defined in a similar way, but

clearly the integer & must be independent of j.

3 The Dieudonné theorem.

We shall prove a version of Dieudonné ’s Theorem (see also [5], [7]).We begin with

the following:

Lemma 3.1 Let R, Q, A, F, G be as in Proposition 2.7, and suppose that m :
A — R is any reqular bounded finitely additive measure. Then, for each A € A |
and every V € G, one has:

va(m)(A) = vr(m)(A), (16)

va(m)(V) = vg(m) (V). (17)

Proof: The relation (16) is a direct consequence of regularity, and weak o-distribu-
tivity. So, fix V € G. Let (7i;):; be the (D)-sequence related to regularity, let B be
any element from A, B C V, and fix p € IV N Thanks to regularity of m, there
exists a set G € G, G D B, such that

o

v(m)(G\ B) < \/ g,

i=1
hence

im(B)] < [m(G)] + \/ Yit-
=1

Without loss of generality, we may assume G C V, thus

m(B)| < vg(m)(V) + \/ %ip9-
i=1
As B is arbitrary, we get

va(m)(V) < vg(m)(V) + \/ vigpio)-

=1
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Finally, as R is weakly o-distributive, we deduce
va(m)(V) < vg(m)(V)

and then, obviously, the two elements coincide, and so (17) is proved. O

We now prove the following;:

Lemma 3.2 Under the same hypotheses and notations as above, let (m; : A —
R); be a sequence of equibounded, regular and G-uniformly (s)-bounded means (with
respect to a (D)-sequence (b;;)ii). Then the m;’s are A-uniformly (s)-bounded, and

uniformly regular.

Proof: Let (K,), be any disjoint sequence in A . First of all, we note that the
hypotheses of Proposition 2.7 are fulfilled. Let (p;;);; be the same regulator as in
that Proposition, define u as in (9), and let (d;;);; be a (D)-sequence such that:

h=1 i=1

i=1
Finally, let e;; = 2(b;; + d;4), i,1 € IN. We will prove that

(D) lim{sup[va(m;)(Kn)]} =0

J

with respect to the regulator (e;;);;. If we deny this, then there exists ¢ € IV N
such that Vk € IN, In, > k, 3j, € IN, 3 A, € A with A, C K,,, and

[my, (Ar)| £ \/ €ip(i)- (18)

Moreover, thanks to (16), we can assume A, € F Vk.

Fix k € IN, and from now on let’s write b = /2| bi o), € = Ve €ipi). We
note that, by virtue of regularity of the set functions m;, j € IV, there exist G € G,
F, € F such that

A, C Gy, C Fy,

and

[va(m) V...V oa(mg)][(Fi \ Ak) < \/pi,w(i+k)-
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Now, we set

k
GT:Gl,G;:GQ\Fb"'7GZ+1:Gk'f'l\(UFh)7”'

h=1
These sets are pairwise disjoint elements of G, hence there exists ky € IN such that

supv(m;)(Gy) < b
J

for all kK > ky. Now, as

k
Ay \ G C U (Fh \ An)

h=1

holds for all k, we get
|my (Ar)| < Jmy (Ae O GR)| A [my, (Ar \ Gy

< btuf\ [Zk; (\;.Zpi,w(i+h)>

h=

<e

— Y

VEk > k.

This is contrary to (18). So, the set functions m; are A-uniformly (s)-bounded.

We now turn to uniform regularity. By Proposition 2.7, the regulator (p;;)i;
above is such that, for every A € A, two sequences can be found, (F},), and (Gy),
in F and G respectively, satisfying (3) and (7). As the sequence (G, \ F,), is
decreasing, by (7), 2.5 and weak o-distributivity of R we have

(D) 1iT{n{Sl;p[vA(mj)(Gn \ Fa)]} = 0. (19)

Similarly, for each W € F, we can find (F)), and (G), in F and G respectively,
satisfying (5) and (8). Since the sequence (G, \ W), is decreasing, by virtue of (8),
2.5 and weak o-distributivity of R we get

(D) lim{sup[v.a(m;)(G, \ W)} = 0. (20)
J
This concludes the proof of the lemma. O

Theorem 3.3 (Dieudonné) Let Q, R, G, F be as above, and assume that A C

P(Q) is a o-algebra, and G is stable under countable disjoint unions. Suppose that
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(mj : A — R); is a sequence of equibounded reqular o-additive measures such that

there exists

= (RD)lim m; in G.
J
Then we have:

i) The measures m;, j € IN, are A-uniformly (s)-bounded and uniformly regular.
ii) There exists in R the limit mo = (RD)lim; m; in A.

iii) The m;’s are uniformly o-additive.

iv) myg is reqular and o-additive.

Proof: i) Thanks to [4], Theorem 5.4, the set functions m; are G-uniformly (s)-
bounded; hence, from Lemma 3.2 we get A-uniform (s)-boundedness and uniform
regularity.

ii) Fix A € A, and let (y;;);; be the regulator related with uniform regularity.
For each ¢ € IN N there exists G € G such that A C G and

(m] G\A \/ylgo(l

Corresponding to G, there exists jo € IN such that
im;(G) —myyp(G ‘<\/O‘w) Vij=jo, VpeN,

where (a;;);,; is the regulator for (RD)-convergence in G. So we have:

mi(A) =mip (A <2\ Wi + V @ipr ¥iZdo, VPEN. (1)

i=1 i=1

JFrom (21) it follows that the sequence (m;(A)); is (D)-Cauchy in R. Since R is
a Dedekind complete (I)-group, then the sequence (m;(A)); is (D)-convergent (see
also [3], Theorem 2.16; [9]). Thus ii) is proved.

iii) follows from ii) and [4], Corollary 5.5.

iv) follows easily from i), ii), iii) and weak o-distributivity of R. O

Under suitable additional conditions, it’s also possible to state a finitely additive

version of Dieudonné’s theorem.

11
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Theorem 3.4 Let Q), R, A, G, F be as in Proposition 2.7, and assume that G is
stable under countable disjoint unions. Suppose that (m; : A — R); is a sequence
of equibounded reqular finitely additive measures, absolutely continuous with respect
to a real-valued, nonnegative, finitely additive measure v on A . Assume that there

exists

mo = (RD)lim m; in G.
J
Then we have:

i) The means m;, j € IN, are A-uniformly (s)-bounded, uniformly reqular and

uniformly absolutely continuous with respect to v.
ii) There exists in R the limit mo = (RD)lim; m; in A.
iii) mg is (s)-bounded, reqular and absolutely continuous with respect to v.

Proof: (i) Let (a;;):; be the regulator related to (RD)-convergence in G , and let
(Bi1)iy be a regulator such that, for every disjoint sequence (Hy)y in A , for every

j € IN and every ¢ € IN N , there exists kg € IN such that

v(my)(He) < \/ Bige
=1

as soon as k > kg: such a regulator exists, because of absolute continuity and Lemma
2.3. Setting ¢;; = a;; V (i, we claim that (6¢;;);; works as a regulator for G-uniform
(s)-boundedness of the means m;. Indeed, if this is not the case, there exist:

a disjoint sequence (Gy) in G , a mapping ¢ € IV N and a subsequence (ji )i in IN
such that

m;, (Gi)l £ 6\/ ¢ (22)

i=1
for each k € IN. Now, denote by V the union of all G}'s, and by B the o-algebra
in V' generated by the sets Gj: hence the measures m; (RD)-converge to mg in B .
Then, we can apply Corollary 5.7 of [4], and deduce B-uniform (s)-boundedness of
the m;'s, with respect to the regulator (6¢;;);;, and this clearly is contrary to (22).

Thus, the m;’s are G-uniformly (s)-bounded, and therefore they are A-uniformly
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(s)-bounded and uniformly regular, by 3.2, and uniformly absolutely continuous
with respect to v, by virtue of [4], Theorem 4.8.

(ii) can be proved as in the previous theorem.

(iii) The properties of (s)-boundedness, regularity and absolute continuity are

easy consequences of the previous ones and of weak o-distributivity of R. O
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