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Abstract. Soft constraintsarevery flexible andexpressive. However, they may
alsobevery complex to handle.For this reason,it maybeconvenientin several
casesto passto anabstractversionof a givensoft problem,andthenbring some
usefulinformationfrom theabstractproblemto theconcreteone.Thiswill hope-
fully make the searchfor a solution,or for an optimal solution,of the concrete
problem,faster.
In thispaperwereview themainconceptsandpropertiesof ourabstractionframe-
work for soft constraints,andwe show someexperimentalresultsof its applica-
tion to thesolutionof fuzzy constraints.

1 Intr oduction
Soft constraintsallow to model faithfully many real-life problems,especiallythose
which possessfeatureslike preferences,uncertainties,costs,levelsof importance,and
absenceof solutions.Formally, a soft constraintproblem(SCSP)is just like a classi-
cal constraintproblem(CSP),exceptthateachassignmentof valuesto variablesin the
constraintsis associatedto an elementtaken from a set(usuallyordered).Theseele-
mentswill thendirectly representthedesiredfeatures,sincethey canbeinterpreted,for
example,aslevelsof preference,or costs,or levelsof certainty.

SCSPsaremoreexpressive thanclassicalCSPs,but they arealsomoredifficult to
processandto solve,mainlybecausethey areoptimizationratherthansatisfactionprob-
lems.For this reason,it maybeconvenientto work on asimplifiedversionof thegiven
problem,trying however to not loosetoo muchinformation.In [3,1,2], anabstraction
framework for soft constraintshasbeenproposed,where,from a given SCSP, a new
simplerSCSPis generatedrepresentingan “abstraction”of the given one.Then,the
abstractedversionis processed(that is, solvedor checked for consistency), andsome
informationgatheredduringthesolvingprocessis broughtbackto theoriginalproblem,
in orderto transformit into a new (equivalent)problemeasierto solve.

All thisprocesshasthemainaimof findinganoptimalsolution,oranapproximation
of it, for the original SCSP, with lesstime or spacew.r.t. a solutionprocessthat does



not involve the abstractionphase.It is alsousefulwhenwe don’t have any solver for
the classof soft problemswe areinterestedin, but we do have it for anotherclass,to
whichwecanabstractto. In thisway, werely onexistingsolversto automaticallybuild
new solvers.

Many propertiesof the abstractionframework have beenproven in [3]. The most
interestingone,which will be usedin this paper, is that, given any optimal solution
of the abstractproblem,we canfind upperandlower boundsfor an optimal solution
for theconcreteproblem.If we aresatisfiedwith thesebounds,we could just take the
optimal solutionof the abstractproblemasa reasonableapproximationof an optimal
solutionfor theconcreteproblem.

In this paperwe extend this andother resultsdescribedin [3] to build a new al-
gorithm to solve the concreteproblemby usingabstractionsteps.More in detail,we
prove thatusingthe valueof the optimal tuple in the abstractproblemasa boundfor
theabstractionmapping,leadsto building eachtime new abstractproblemwith better
andbettercorrespondingoptimalconcretesolution.Whennomoresolutionsarefound,
wecanbesurethatthelastfoundoptimumin theabstractproblemis indeedtheoptimal
solutionof theconcreteone.

Besidesdevisinga new solvingalgorithmbasedon suchresultsandon theabstrac-
tion framework, we also describethe resultsof several experimentswhich show the
behavior of threevariantsof suchalgorithmover fuzzy constraintproblems[7, 13,14].
In theseexperiments,fuzzyproblemsareabstractedinto classicalCSPs,andsolvedvia
iterative abstractionof the givenproblemin differentclassicalCSPs.The behavior of
the threeversionsof our algorithmis thencomparedto that of Conflex, a solver for
fuzzyCSPs.Thispaperis anextendedandimprovedversionof [12].

2 Soft constraints
A softconstraint[5] is justaclassicalconstraintwhereeachinstantiationof its variables
hasan associatedvaluefrom a partially orderedset.Combiningconstraintswill then
have to take into accountsuchadditionalvalues,and thus the formalismhasalso to
providesuitableoperationsfor combination( � ) andcomparison(+) of tuplesof values
and constraints.This is why this formalizationis basedon the conceptof semiring,
which is just asetplustwo operationssatisfyingcertainproperties:� A �����	�
� 0 � 1� .

If we considertherelation � S overA definedasa � S b if f a � b 
 b, thenwe have
that:

– � S is a partialorder;
– � and � aremonotoneon � S;
– 0 is its minimumand1 its maximum;
– � A ��� S� is a completelatticeand � is its lub.

Moreover, if � is idempotent,then � A ��� S� is a completedistributive latticeand �
is its glb. Informally, therelation � S givesusa way to compare(someof the)valuesin
thesetA. In fact,whenwe have a � S b, we will saythatb is betterthana. Extending
the partial order � S amongtuplesof values,alsoa partial orderamongconstraintsis
induced.

Givena c-semiringS 
�� A �����	�
� 0 � 1� , a finite setD (thedomainof thevariables),
andanorderedsetof variablesV, a constraintis a pair � def � con� wherecon � V and
def : D � con��� A. Therefore,a constraintspecifiesa setof variables(theonesin con),



andassignsto eachtupleof valuesof D of thesevariablesanelementof thesemiring
setA. This elementcanthenbeinterpretedin severalways:asa level of preference,or
asacost,or asaprobability, etc.Thecorrectway to interpretsuchelementsdependson
thechoiceof thesemiringoperations.

Constraintscanbe comparedby looking at the semiringvaluesassociatedto the
sametuples:Considertwo constraintsc1 
�� def1 � con� andc2 
�� def2 � con� , with � con��

k. Thenc1 � S c2 if for all k-tuplest, def1 � t ��� S def2 � t � . Therelation � S inducesapar-
tial order. In thefollowing wewill alsousetheobviousextensionof this relationto sets
of constraints,andalsoto problems(seenassetsof constraints).

Notethata classicalCSPis a SCSPwherethechosenc-semiringis:

SCSP 
���� f alse� true���! "��#"� f alse� true� .
FuzzyCSPs[7,13,14],whichwill bethemainsubjectof thispaper, caninsteadbemod-
eledin theSCSPframeworkby choosingthec-semiring:SFCSP 
$�&% 0 � 1'�� max� min� 0 � 1� .

Given two constraintsc1 
(� def1 � con1 � andc2 
)� def2 � con2 � , their combination
c1 * c2 is theconstraint� def � con� definedbycon 
 con1 + con2 anddef � t �,
 def1 � t - con

con1�.� def2 � t - con
con2

� . In words,combiningtwo constraintsmeansbuilding anew constraint
involving all the variablesof the original ones,andwhich associatesto eachtuple of
domainvaluesfor suchvariablesa semiringelementwhich is obtainedby multiplying
theelementsassociatedby theoriginal constraintsto theappropriatesub-tuples.

Givenaconstraintc 
�� def � con� andasubsetI of V, theprojectionof coverI , writ-
tenc / I , is theconstraint� def 01� con02� wherecon0	
 con3 I anddef 0 � t 04�,
 ∑t 5 t 6 con

I 7 con8 t 9 def � t � .
Informally, projectingmeanseliminatingsomevariables.This is doneby associatingto
eachtupleover theremainingvariablesa semiringelementwhich is thesumof theel-
ementsassociatedby theoriginal constraintto all theextensionsof this tupleover the
eliminatedvariables.

Thesolutionof aSCSPproblemP 
$� C � con� is theconstraintSol � P�,
 �!: C �;/ con:
we combineall constraints,andthenprojectover thevariablesin con. In this way we
get the constraintover con which is “induced” by the entireSCSP. Optimal solutions
are thosesolutionswhich have the bestsemiringelementamongthoseassociatedto
solutions.Thesetof optimalsolutionsof anSCSPP will bewritten asOpt � P� . In the
following, we will sometimescall “a solution” onetuple of domainvaluesfor all the
problem’svariables(overcon), plusits associatedsemiringelement.Figure1 showsan
exampleof fuzzyCSPandits solutions.

a b b ... min(1,1) = 1

a b a ... min(1,1) = 1

a a b ... min(0,0.1) = 0

a a a ... min(0,0.3) = 0

Solutions:

x

b a a ... min(0.5,0.3) = 0.3
a b b ... 1

a b a ... 1

Best solutions:

b b b ... min(0.7,1) = 0.7

b b a ... min(0.7,1) = 0.7

b a b ... min(0.5,0.1) = 0.1b b ... 1

y z

b a ... 1

a b ... 0.1

a a ... 0.3

b b ... 0.7

b a ... 0.5

a b ... 1

a a ... 0

Fig.1: A fuzzy CSPandits solutions.



Considertwo problemsP1 andP2. ThenP1 � P P2 if Sol � P1 � � S Sol � P2 � . If P1 � P P2

andP2 � P P1, thenthey havethesamesolution,thuswesaythatthey areequivalentand
we write P1 < P2.

SCSPproblemscanbesolvedby extendingandadaptingthetechniqueusuallyused
for classicalCSPs.Forexample,tofind thebestsolutionwecouldemploy abranch-and-
boundsearchalgorithm(insteadof theclassicalbacktracking),andalsothesuccessfully
usedpropagationtechniques,like arc-consistency [11], canbe generalizedto be used
for SCSPs.Thedetailedformaldefinitionof propagationalgorithms(sometimescalled
alsolocal consistencyalgorithms)for SCSPscanbefoundin [5]. For thepurposeof this
paper, what is importantto sayis thata propagationrule is a functionwhich, takenan
SCSP, solvesa subproblemof it. It is possibleto show thatpropagationrulesareidem-
potent,monotone,andintensivefunctions(overthepartialorderof problems)whichdo
not changethesolutionset.Givena setof propagationrules,a local consistency algo-
rithm consistsof applyingthemin any orderuntil stability. It is possibleto prove that
local consistency algorithmsdefinedin this way have the following propertiesif the
multiplicative operationof the semiringis idempotent:equivalence,termination,and
uniquenessof theresult.

Thuswecannoticethatthegeneralizationof localconsistency from classicalCSPs
to SCSPsconcernsthe fact that, insteadof deletingvaluesor tuples,obtaininglocal
consistency in SCSPsmeanschangingthe semiringvaluesassociatedto sometuples
or domainelements.The changealwaysbrings thesevaluestowardsthe worst value
of the semiring,that is, the 0. Thus,it is obvious that,givenan SCSPproblemP and
the problemP0 obtainedby applyingsomelocal consistency algorithmto P, we have
P0 � S P.

3 Abstraction

Themainidea[6] is to relatetheconcreteandtheabstractscenariosby a pair of func-
tions,theabstractionfunctionα andtheconcretizationfunctionγ, which form aGalois
connection.

Let ��= � � � and �1> �&�?� be two posets(the concreteand the abstractdomain).A
Galoisconnection� α � γ � : � C � � �A@ � A ���?� is a pair of mapsα : = � > andγ : > � =
suchthat 1. α and γ are monotonic,2. for eachx B = � x � γ � α � x�&� and 3. for each
y B > � α � γ � y�&�C� yD Moreover, aGaloisinsertion(of > in = ) � α � γ � : ��= � � �E@ �F> ���?� is
a Galoisconnectionwhereα G γ is theidentity over > , thatis, IdH .

An exampleof a Galoisinsertioncanbeseenin Figure2. Here,theconcretelattice
is �&% 0 � 1'��&�?� , andthe abstractoneis ��� 0 � 1 �����?� . Functionα mapsall real numbersin
% 0 � 0 D 5' into 0, andall otherintegers(in � 0 D 5 � 1' ) into 1. Functionγ maps0 into 0 D 5 and
1 into 1.

Considera Galoisinsertionfrom �&= � � � to �1> �&�?� . Then,if � is a total order, sois
� .

Mostof thetimesit is useful,andrequired,thattheabstractoperatorsshow acertain
relationshipwith thecorrespondingconcreteones.This relationshipis calledlocal cor-
rectness. Let f : = n � = beanoperatorovertheconcretelattice,andassumethat f̃ is its
abstractcounterpart.Then f̃ is locally correctw.r.t. f if I x1 ��D&D&DJ� xn B = � f � x1 ��D&D�D�� xn � �
γ � f̃ � α � x1 �K�&D&D�D�� α � xn �&��� .
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Fig.2: A Galoisinsertion.

3.1 Abstracting soft CSPs

The main ideaof the abstractionframework presentedin [3] is very simple:we just
want to pass,via theabstraction,from anSCSPP over a certainsemiringS to another
SCSPP̃ over the semiringS̃, wherethe latticesassociatedto S̃ andS arerelatedby a
Galoisinsertionasshown above.

ConsidertheconcreteSCSPproblemP 
�� C � con� oversemiringS, where
– S 
�� A �����	�
� 0 � 1� and
– C 
L� c0 ��D&D�D�� cn � with ci 
�� coni � defi � anddefi : D � coni � � A;

wedefineanabstractSCSPproblemP̃ 
�� C̃ � con� over thesemiringS̃, where
– S̃ 
�� Ã � ˜�M� ˜�
� 0̃ � 1̃� ;
– C̃ 
L� c̃0 ��D&D�D�� c̃n � with c̃i 
�� coni � ˜defi � and ˜defi : D � coni �	� Ã;
– if L 
L� A �&�?� is thelatticeassociatedto SandL̃ 
L� Ã � ˜�?� thelatticeassociatedto S̃,

thenthereis aGaloisinsertion � α � γ � suchthatα : L � L̃;
– ˜� is locally correctwith respectto � .

Notice that the kind of abstractionwe considerin this paperdoesnot changethe
structureof theSCSPproblem.Theonly thing thatis changedis thesemiring.

Noticealsothat,giventwo problemsover two differentsemirings,theremayexist
zero,one,or alsomany abstractions(that is, a Galoisinsertionbetweenthetwo semir-
ings)betweenthem.This meansthatgivena concreteproblemover S andan abstract
semiringS̄, theremaybeseveralwaysto abstractsucha problemover S̄.

Example1. As an example,considerany SCSPover the semiring for optimization
�FNPO + �RQ ∞ ��� max������Q ∞ � 0� andsupposewe wantto abstractit ontothesemiringfor
fuzzy reasoning��% 0 � 1'!� max� min� 0 � 1� . In otherwords,insteadof computingthe max-
imum of the sumof all costs(which arenegative reals),we just want to computethe
maximumof their minimumvalue,andwe wantto normalizethecostsover % 0 � 1' . No-
tice that the abstractproblemhasan idempotent � operator(which is the min). This
meansthat in theabstractframework we canperformlocal consistency over theprob-
lem in orderto find inconsistencies.

Example2. Anotherexampleis theabstractionfrom thefuzzysemiringto theclassical
one,which will bewidely usedin therestof this paper:

SCSP 
S�T� 0 � 1 �R�! "��#"� 0 � 1�KD



Herefunctionα mapseachelementof % 0 � 1' into either0 or 1. For example,onecould
mapall the elementsin % 0 � x' onto 0, andall thosein � x � 1' onto 1, for somefixed x.
Figure2 representsthis examplewith x 
 0 D 5.

3.2 Propertiesof the abstraction

We will now summarizethe main resultsaboutthe relationshipbetweena concrete
problemandanabstractionof it.

Let usconsidertheschemedepictedin Figure3. Hereandin thefollowing pictures,
the left box containsthe lattice of concreteproblems,andthe right onethe lattice of
abstractproblems.Thepartialorderin eachof theselatticesis shown via dashedlines.
Connectionsbetweenthetwo lattices,via theabstractionandconcretizationfunctions,
is shown via directedarrows. In thefollowing, we will call S 
U� A �����	�
� 0 � 1� thecon-
cretesemiringandS̃ 
U� Ã � ˜�M� ˜�
� 0̃ � 1̃� theabstractone.Thuswe will alwaysconsidera
Galoisinsertion � α � γ � : � A �&� S��@V� Ã �&� S̃� .

abstract problemsconcrete problems

P

α
γ

α

γ( (P))α
α (P) = P

~

Fig.3: Theconcreteandtheabstractproblem.

In Figure3, P is thestartingSCSPproblem.Thenwith themappingα we get P̃ 

α � P� , which is anabstractionof P. By applyingthemappingγ to P̃, wegettheproblem
γ � α � P�&� . Let us first notice that thesetwo problems(P andγ � α � P�&� ) arerelatedby a
preciseproperty:

P � S γ � α � P�&�KD
Notice that this implies that, if a tuple in γ � α � P�&� hassemiringvalue 0, then it

musthave value0 alsoin P. This holdsalso for the solutions,whosesemiringvalue
is obtainedby combiningthesemiringvaluesof several tuples.Therefore,by passing
from P to γ � α � P��� , no new inconsistenciesareintroduced.However, it is possiblethat
someinconsistenciesareforgotten.

Example3. Considerthe abstractionfrom the fuzzy to the classicalsemiring,asde-
scribedin Figure2. Then,if we call P the fuzzy problemin Figure1, Figure4 shows
theconcreteproblemP, theabstractproblemα � P� , andits concretizationγ � α � P��� . It is
easytooseethat,for eachtuplein eachconstraint,theassociatedsemiringvaluein P is
lower thanor equalto thatin γ � α � P��� .

If theabstractionpreservesthesemiringordering(that is, applyingtheabstraction
function and then combininggives elementswhich are in the sameorderingas the
elementsobtainedby combiningonly), thentheabstractionis calledorder-preserving,
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Fig.4: An exampleof theabstractionfuzzy-classical.

and in this casethere is also an interestingrelationshipbetweenthe set of optimal
solutionsof P and that of α � P� . In fact, if a certaintuple is optimal in P, then this
sametupleis alsooptimalin α � P� .
Example4. Consideragainthe previous example.The optimal solutionsin P arethe
tuples � a � b � a� and � a � b � b� . It is easyto seethat thesetuplesarealsooptimal in α � P� .
In fact, this is a classicalconstraintproblemwherethe solutionsare tuples � a � b � a� ,
� a � b � b� , � b � b � a� , and � b � b � b� .

Thus,if we wantto find anoptimalsolutionof theconcreteproblem,we couldfind
all the optimal solutionsof the abstractproblem,and thenusethemon the concrete
sideto find an optimal solutionfor the concreteproblem.Assumingthat working on
theabstractsideis easierthanon theconcreteside,this methodcouldhelpusfind an
optimal solutionof the concreteproblemby looking at just a subsetof tuplesin the
concreteproblem.

Anotherimportantproperty, which holdsfor any abstraction,concernscomputing
boundsthatapproximateanoptimalsolutionof aconcreteproblem.In fact,any optimal
solution,sayt, of theabstractproblem,saywith valueṽ, canbeusedto obtainbothan
upperanda lower boundof an optimumin P. In fact, we canprove that thereis an
optimalsolutionin P with valuebetweenγ � ṽ� andthevalueof t in P [3, Theorem29].

Thus,if wethink thatapproximatingtheoptimalvaluewith avaluewithin thesetwo
boundsis satisfactory, we cantake t asanapproximationof an optimalsolutionof P.
Noticethatthis theoremdoesnotneedtheorder-preservingpropertyin theabstraction,
thusany abstractioncanexploit this result.

Example5. Consideragainthe previous example.Now take any optimal solutionof
α � P� , for exampletuple � b � b � b� . Thentheaboveresultstatesthatthereexistsanoptimal
solutionof P with semiringvaluev betweenthevalueof this tuple in P, which is 0 D 7,
andγ � 1�.
 1. In fact,thereareoptimalsolutionswith value1 in P.



However, abetterlowerboundcanbecomputedin thespecialcaseof anabstraction
wherethesemiringsaretotally orderedandhave idempotentmultiplicativeoperations.
In thiscase,any abstractionis order-preserving.In fact,consideranabstractionbetween
totally orderedsemiringswith idempotentmultiplicative operations.Given an SCSP
problemP overS, consideranoptimalsolutionof α � P� , sayt, with semiringvalueṽ in
α � P� . ConsideralsothesetV 
S� vi � α � vi �A
 ṽ � . Thenthereexistsanoptimalsolution
t̄ of P, saywith valuev̄, suchthatmin� V �C� v̄ � max� V � .
3.3 NewProperties

Whendealingwith themappingfrom fuzzy to classicalCSPswe canalsoproveother
importantresults.Consideranabstractionthatmapsall thesemiringvaluesbetterthan
thefuzzy valueα into 1 (that is, thebooleantrue) andall the fuzzy valuesworsethan
or equalthanα to 0 (that is, thebooleanvalue f alse). Let usalsocall P thefuzzyCSP
andα � P� thecorrespondingabstractedCSP. Thenwecanprovethat:

GivenanSCSPproblemP over thefuzzy semiring,andthecorrespondingabstract
problemα � P� over thebooleansemiring,obtainedby mappingall valueslower thanor
equalthanα to f alseandall thevaluesbiggerthanα to true.

– if α � P� hasnosolution,problemPhasanoptimalsolutionwith anassociatedsemir-
ing fuzzyvalueworsethanor equalthanα;

– if P hasa solutiontuple t with associatedsemiringlevel α, andα � P� hasno solu-
tion, tuplet is anoptimalsolutionfor P.
Thesepropertieswill beveryusefulin devisingthethreeversionsof theabstraction-

basedalgorithmwe will definein thenext section.

4 Solving by iterati veabstraction
Theresultsof theprevioussectioncanbethebasisfor a constraintsolvingmethod,or
morepreciselya family of methods,whereabstractionwill be usedto computeor to
approximatethesolutionof a concreteproblem.

Herewe will focuson the versionof this solving methodwhich appliesto fuzzy
CSPs,becauseour experimentalresultswill focuson this classof soft CSPs.Thegen-
eralversionof thealgorithmis givenin [3].

A methodto solve a fuzzy CSPis to reducethe fuzzy problemto a sequenceof
classical(boolean)CSPsto be solved by a classicalsolver. This methodhasbeenfor
instancerecentlyimplementedin theJFSolver [10].

Let us formalizethis algorithmwithin our abstractionframework. We want to ab-
stracta fuzzy CSPP 
�� C � con� into thebooleansemiring.Let usconsidertheabstrac-
tion α which mapsthe valuesin [0,0.5] to 0 and the valuesin ]0.5,1] to 1, which is
depictedin Figure2. Let us now considerthe abstractproblemP̃ 
 α � P�W
)� C̃ � con� .
Therearetwo possibilities,dependingwhetherα � P� hasasolutionor not.

1. If α � P� hasasolution,then(by thepreviousresults)P hasanoptimalsolutiont̄ with
valuev̄, suchthat0 D 5 � v̄ � 1.Wecannow furthercut this interval in two parts,e.g.
[0.5,0.75]and]0.75,1], andconsidernow theabstractionα 0 whichmapsthevalues
in [0,0.75] to 0 and the valuesin ]0.75,1] to 1, which is depictedin Figure5. If
α 0 � P� hasasolution,thenP hasacorrespondingoptimalsolutionwith fuzzyvalue
between0.75and1, otherwisethe optimal solutionhasfuzzy valuebetween0.5



and0.75,becausewe know from the previous iterationthat the solutionis above
0.5. If tighter boundsareneeded,onecould further iteratethis processuntil the
desiredprecisionis reached.

0

1

α

γ1

0

0.75

α

γ

’

’

Fig.5: An abstractionfrom thefuzzy semiringto thebooleanone,cut level = 0.75.

2. If α � P� hasno solution,then(by thepreviousresults)P hasanoptimalsolution t̄
with valuev̄, suchthat0 � v̄ � 0 D 5.Wecannow furthercutthisinterval in two parts,
e.g.[0,0.25]and]0.25,0.5[, andconsidernow theabstractionα 0 0 which mapsthe
valuesin [0,0.25] to 0 andthevaluesin ]0.25,1] to 1, which is depictedin Figure
6. If α 0 0 � P� hasa solution,thenP hasa correspondingoptimalsolutionwith fuzzy
valuebetween0.25and0.5,otherwisetheoptimalsolutionhasfuzzyvaluebetween
0 and0.25.And soon andsoforth.

0

1

α

1

0

0.25 γ

α

γ

’’

’’

Fig.6: An abstractionfrom thefuzzy semiringto thebooleanone,cut level = 0.5.

Example6. For example,consideragainthe fuzzy constraintproblemandthe initial
abstractionof Figure4. This abstractionusesa cut level of 0.5 andgeneratestheclas-
sical constraintproblemin the right part of Figure4. This problemhassolutions(for
example,x 
 a, y 
 b, andz 
 a), thusthe algorithmabove setsthe new cut level at
0.75.Thenew abstractedproblemis still soluble:for example,theassignmentabove is
still a solution.Thusthesetthenew cut level to 0.875.Again, theabstractedproblem
hassolutions(it is actually the sameproblemasbefore),so we set the new cut level
to 0.9375.Theabstractedproblemhasagainsolutions.If we have reachedthedesired



precision(assumethat we arehappy with a toleranceof 0.1, we canconcludethe al-
gorithm by reportingthe existenceof a solutionfor the initial fuzzy CSPswith value
higherthan,or equalto 0.9375.Moreprecisely, theiterativealgorithmreportsthatthere
is a solutionin theinterval [0.9375,1].

Observe that the dichotomymethodusedin this exampleis not the only onethat
becanused:we cancut eachinterval not necessarilyin themiddlebut at any point at
will (e.g., if someheuristicmethodallows us to guessin which part of the semiring
theoptimalsolutionis). Themethodwill work aswell, althoughtheconvergencerate,
andthustheperformance,couldbedifferent.In particularwe canusetheresultsof the
previous sectionandcut eachtime at level α correspondingto the valueof the tuple
t that is optimal in the abstractproblem(let’s call this heuristiccurrent best). We can
thencontinuethis procedureuntil we find no solutions.At this point we aresurethat
thetuplet foundat thepreviousstepis anoptimalsolutionfor theconcreteproblemP.

Example7. In theexampleabove,thisversionof thealgorithmwouldwork asfollows.
First, the fuzzy problemis cut at level 0.5,andits abstractedversionis the oneat the
right in Figure 4. This problemhassolutions,so we take any solution, for example
x 
 b, y 
 b, andz 
 b, andwe computeits valuein the fuzzy problem.In this case
thevalueis 0.7.By settingthenew cut level to 0.7,thenew abstractedproblemhasstill
solutions(althoughtuple¡b,b¿betweenx andy hasnow value0),sowetakeany of such
solutions,sayx 
 a, y 
 b, andz 
 b, andwe computeits valuein thefuzzy problem,
whichis 1.Now thenew abstractedproblemhasnosolution,sowestopreportingx 
 a,
y 
 b, andz 
 b asanoptimalsolutionfor theinitial fuzzyproblem.

5 Experimental setting and results
Our experimentalsettinginvolvesa generatorof fuzzy SCSPsandthe implementation
of threeversionsof the iterative algorithmdefinedin the previoussection.More pre-
cisely, thethreealgorithmswewill considerarethefollowing ones:

A1 : Algorithm A1 setsthecut level α to cut thecurrentinterval in two equalpartsat
eachabstractionstep,asdefinedin theprevioussection.It stopswhena precision
of 1/10is reached(thatis, thesizeof theconsideredinterval is smallerthanor equal
to 0.1).

A2 : Algorithm A2 setsthecut level α to thesemiringlevel of thecurrentbestsolution
found.It stopswhena precisionof 1/10is reached.

A3 : Algorithm A3 behavesasalgorithmA2, exceptthat it stopswhenno solutionin
the abstractproblemis found.At this point, the last solutionfound is an optimal
solutionof theconcreteproblem.

Thegeneratorgeneratesbinaryfuzzy CSPswith a certainnumberof variables(n),
numberof valuesper variable(m), density(d, which is the percentageof constraints
over the maximumpossiblenumber)andtightness(that is, percentageof tupleswith
preference0, denotedby t). For eachset of parameters,we generatethree instance
problems,andwe show themeanresulton them.

In all our experiments,which have beenperformedon a Pentium3 processorat
850 MHz, we solve concretefuzzy CSPsvia Conflex [7] and,within the abstraction-
basedalgorithms,wesolve theirabstractedbooleanversionsvia Conflex aswell. Since



Conflex is especiallydesignedto solve fuzzyCSPs,it hassomeoverheadwhensolving
classicalCSPs.Thuswe mayimaginethatby usinga solver for booleanCSPswe may
geta betterperformancefor theproposedalgorithms.

Conflex solvesfuzzy constraintproblemsby usinga branchandboundapproach,
combinedwith constraintpropagation.Moreover, it allowsusersto seta threshold(be-
tween0 and1) which is usedto disregardthosesolutionswith valuesbelow thethresh-
old (andthusalsoto performpruningin thesearchtree).

 0

 100

 200

 300

 400

 500

 600

 700

 10  20  30  40  50  60  70  80  90  100

T
im

e 
(s

ec
/1

00
)X

Density

A vs. C, n=25, m=5, tightness=10

A, t=10,solution
C, t=10, solution

 0

 100

 200

 300

 400

 500

 600

 10  20  30  40  50  60  70  80  90  100

T
im

e 
(s

ec
/1

00
)X

Density

A vs. C, n=25, m=5, tightness=30

A,t=30,solution
A, t=30, no solution

C, t=30, solution
C, t=30, no solution

 0

 5

 10

 15

 20

 25

 30

 35

 40

 45

 10  20  30  40  50  60  70  80  90  100

T
im

e 
(s

ec
/1

00
)

Density

A vs. C, n=25, m=5, tightness=50

A, t=50, no solution
C, t=50, no solution

Fig.7: Time for algorithmsA andC, tightness10%,30%and50%.

We startour testsby comparingalgorithmA1 to Conflex. Figure7 shows thetime
neededto find an optimal solution,or to discover that no solutionexists, for bothA1
(denotedby A in this picturessinceit is the only abstraction-basedalgorithm) and
Conflex (denotedby C), with a varyingdensityover the x axis,andvarying tightness
in thethreefigures(t=10,30and50).Thenumberof variablesis fixedto 25,while the
domainsizeis 5.For theseexperiments,wesettheinitial threshold0.01for algorithmC
(thusnotmuchpruningis possibleinitially becauseof thethreshold),andtheinitial cut
level to 0.5.The filled pointsdenoteproblemswith solutions,while the emptypoints
denoteproblemswith no solution.

Thegraphsshow veryclearlythat,in thepresenceof solutions,methodA1 is better,
while Conflex is more convenientwhen thereis no solution. This is predictable:in



fact,theiterativealgorithmA1, in presenceof nosolution,wouldneverthelesscontinue
shrinkingtheinterval until thedesiredprecision.
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Fig.8: Time for A andC, varyingnumberof variables,tightness10%and50%.

Let usnow seewhathappenswhenthenumberof variablesvaries.Theresultsare
shown in Figure8, wherethe x axis shows the numberof variables.Density is setto
50%, while tightnessvaries(10% and 50 %). Again, the thresholdin C is 0.01 and
the initial cut level is 0.5. The graphsshow againthat the abstraction-basedmethod
is convenientin solving problemswith solutions,while the classicalmethod(that is,
Conflex in ourexperiments)is betterwhenthereis nosolution.

Onecould arguethat a thresholdof 0.01given to Conflex is a very badsituation
for this algorithm,sinceit cannotperformalmostany pruningbecauseof sucha low
threshold.However, it hasto benoticedthat,if wegiveathresholdwhich is higherthan
the valueof the optimal solution,thenConflex would not find the optimal solutions.
Nevertheless,we runsomeexperimentswith differentthresholds.
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Figure9 shows the time neededby Conflex with differentthresholds(from 0.1 to
thefirst thresholdwhich generatesno solution)in differentdensity/tightnessscenarios.
We canseethat algorithmA1 hasa balancedperformancewhenthe tightnessvaries,
while Conflex, aspredictable,behavesbetterwhenthethresholdis closeto thevalueof
the optimal solution(which canbe deducedby the first thresholdwhich generatesno
solution).Therefore,if we canguessa thresholdwhich is closeto theoptimalsolution
value,thenusingC is better. However, in absenceof this information,weshouldrather
usetheabstraction-basedmethod,which givesa goodperformancein all situations.
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Fig.10:Time for A, differentinitial cut levels,tightness10%,30%,and60%.

We may alsowonderaboutthe influenceof the initial cut level, which up to now
hasalwaysbeen0.5,over thebehaviour of theiterativeabstractionmethod.Figures10
showsthetimeneededfor methodA1 whentightness,density, andinitial cut level vary.
It is easyto seethat,with high tightnessanddensity, it is betterto seta low initial cut
level.Thisis probablybecauseahightightnessanddensityusuallyimply low valuesfor
theoptimalsolutions,thusstartingwith ahighcut level wouldgeneratemoreiterations
to getdown to theinterval containingtheoptimalsolution,if any.

Wenow passto considertheothertwo variantsof theoriginalabstractionalgorithm:
A2 andA3. Figure11shows thetimeneededto find anoptimalsolution,or to discover
thatno solutionexists,for boththeiterative algorithmsA1, A2, andA3, andC, with a
varyingdensityoverthex axis,antightnesst = 10%.Thenumberof variablesis fixedto
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Fig.11: Time for algorithmsA1, A2, A3, andC, tightness10%.

25andthedomainsizeis 5. For theseexperiments,wesetasbeforeaninitial threshold
of 0.01in C andaninitial cut level of 0.5.Thegraphsshow how algorithmA1, A2, and
A3 have similar performance,andall of themarebetterthanC whenthe tightnessis
not too high. With high tightness,algorithmA3 is worsethanC. In fact, the iterative
algorithmA3 would spendmoretime in shrinkingtheintervalsuntil a precisesolution
is found.
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Let usnow compareC to the iterative abstractionalgorithmswhenthe numberof
variablesvaries(overthex axis).Densityis setto 50%,tightnessto 10%,andthreshold
to 0.01.Theresultsareshown in Figure12.Again,thegraphsshow thattheabstraction-
basedmethodsareconvenientin solvingproblemswith solutions.We alsonoticehow
algorithmA2 is betterthanA1 whenthenumberof variablesincrease.

The next experimentshows the comparisonof A1, A2, andA3 with C over com-
binationsof densitiesandtightnesseswhich generatemostlyproblemswith solutions.
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Figure13 shows theresultsfor problemswith density70%.As before,algorithmsA1
andA2 arebetterthanC. We recall thatalgorithmA3 alwaysfinds anexact solution,
whilst methodA1 only stopswhenthedesiredprecisionis reached.

Summarizing,we canlearnthefollowing lessonsfrom theselastexperiments:

– With asmallnumberof variables(25):Y A2 is moreexpensive thanA1; therefore,it is not worthedto usethevalueof
theabstractsolutionsto decidethenext cut level;Y A3 is moreexpensivethanA1, but it obtainsanoptimalsolution,notaninterval
whereoptimalsolutionsarecontained.

– As thenumberof variablesincreases:Y A2 is lessexpensivethanA1;Y A3 is moreexpensive but still convenientw.r.t. C whentightnessis not very
high.

6 RelatedWork
BesidesConflex, thereexist othersystemswhichallow to solvesoft constraintsin gen-
eralandthusalsofuzzyconstraints.

Oneis theCLP(FD,S)[9] language,which is a constraintlogic programminglan-
guagewheretheunderlyingconstraintsolver canhandlesoft constraints.In particular,
CLP(FD,S)is a languagefor modelingand solving semiring-basedconstraints.The
programmercanspecifythesemiringto beused,thuscreatingaspecificinstanceof the
language,which canhandlesoft constraintsover that semiring.Whenthe semiringto
beusedhasanidempotentcombinationoperator, likefor instancefor fuzzyCSPs,local
propagationtechniquesareusedin thesolutionprocess,which is basedonabranchand
boundapproach.

Anotherone is the ConstraintHandlingRules(CHR) [8] system.CHR is a high
level formalismto specifyconstraintsolversandpropagationalgorithms.It hasbeen
originally designedto modelandsolveclassicalconstraints,but recently[4] it hasbeen
extendedto handlealsosemiring-basedsoftconstraints.Thisextensionsolvessoftcon-
straintsby performinglocal propagation(like nodeandarcconsistency), embeddedin



oneof thetwo availablecompletesolvers,basedon dynamicprogrammingandbranch
andbound,respectively.

In theexperimentalwork reportedin this paper, we did not implementany specific
propagationtechniqueor solver: we just solved fuzzy constraintproblemsby using
several times the Conflex solver on classicalconstraintproblems,and we compared
this methodto usingConflex directly on thegivenfuzzy problem.For this reason,our
resultsarenot directlycomparablewith [9] or [4].

However,wecantry to giveanindirectcomparisonof ourresultswith theCLP(FD,S)
system.In fact, in [9] the Conflex systemis comparedwith CLP(FD,S)whensolving
fuzzy CSPs.Theresultsshown in [9] show thatCLP(FD,S)is 3 to 6 timesfasterthan
theConflex system.Our implementation,which is very naive,performs3 timesbetter
thanConflex in average.Thus,wearecomparableto CLP(FD,S),whichis anoptimized
systemfor soft constraints.We planto implementlocal propagationtechniquesduring
theabstractionsteps.We believe that this will burst theperformanceof our technique,
andmake it moreconvenientthanCLP(FD,S).We noticehowever thatCLP(FD,S)is
unfortunatelynot maintainedany longer, thus it will be difficult to make a fair and
completecomparison.

7 Conclusionsand futur e work

We have run severalexperimentsto studythebehavior of threeversionsof aniterative
abstraction-basedalgorithm to solve fuzzy CSPs.The main lessonlearnt from these
experimentsis that,whenwework with problemsfor whichwecanguesstheexistence
of somesolutions,theabstractionmethodsaremoreconvenient.This holdsalsowhen
we don’t have any informationon thevalueof theoptimalsolutions.Amongthethree
versionsof thealgorithm,thefirst two (A1 andA2) arethebestones.However, since
A2 alwaysfindsa solutionandnot anapproximationof it, it is to bechosen.

Theiterative abstractionmethodologywe have testedlookspromisingandsuitable
to solve fuzzy CSPs.We recall thatour experimentsusedConflex for solvingboththe
concretefuzzy probleminstancesandalsotheabstractbooleanones.Sowe mayguess
thatby usingaclassicalbooleanCSPsolverto solvetheabstractversion,theabstraction
methodwould resultevenmoreconvenient.

Ourresultsdonotsayanythingabouttheconvenienceof ourmethodologyonother
classesof softconstraints.Weplanto studytheapplicabilityof theabstractionmethod-
ology to solve alsootherclassesof soft CSPs.It would beinterestingalsoto studythe
interactionbetweenthe describedsolving methodologybasedon abstractionandthe
notionof globalconstraints.
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