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Abstract. Soft constraintsaarevery flexible andexpressve. However, they may
alsobe very complex to handle.For this reasonjt may be corvenientin several
casedo passto anabstractversionof a given soft problem,andthenbring some
usefulinformationfrom theabstracproblemto the concreteone.Thiswill hope-
fully make the searchfor a solution,or for an optimal solution, of the concrete

problem,faster
In thispapemereview themainconceptandpropertieof ourabstractiorirame-

work for soft constraintsandwe shav someexperimentalresultsof its applica-
tion to the solutionof fuzzy constraints.

1 Intr oduction

Soft constraintsallow to model faithfully mary real-life problems,especiallythose
which possess$eaturedik e preferencesyncertaintiescosts,levels of importanceand
absenceof solutions.Formally, a soft constraintproblem(SCSP)is just like a classi-
cal constraintproblem(CSP),exceptthat eachassignmenbf valuesto variablesin the
constraintss associatedo an elementtaken from a set(usually ordered).Theseele-
mentswill thendirectly representhedesiredieaturessincethey canbeinterpretedfor
example,aslevelsof preferenceor costs,or levelsof certainty

SCSPsaremoreexpressie thanclassicalCSPs but they arealsomoredifficult to
processandto solve, mainly becauséhey areoptimizationratherthansatisfctionprob-
lems.For this reasonjt maybecorvenientto work on a simplifiedversionof the given
problem,trying howeverto notloosetoo muchinformation.In [3,1,2], anabstraction
framework for soft constraintshasbeenproposedwhere,from a given SCSP a new
simpler SCSPis generatedepresentingan “abstraction”of the given one. Then,the
abstractediersionis processedthatis, solved or checledfor consisteng), andsome
informationgatherediuringthesolvingprocesss broughtbackto theoriginal problem,
in orderto transformit into a new (equivalent)problemeasieito solve.

All thisproces$iasthemainaimof findinganoptimalsolution,or anapproximation
of it, for the original SCSPwith lesstime or spacew.r.t. a solution procesghat does



not involve the abstractiorphaselt is alsousefulwhenwe don't have ary solver for
the classof soft problemswe areinterestedn, but we do have it for anotherclass,to
whichwe canabstracto. In this way, we rely on existing solversto automaticallybuild
new solvers.

Many propertiesof the abstractiorframevork have beenprovenin [3]. The most
interestingone, which will be usedin this paper is that, given any optimal solution
of the abstractproblem,we canfind upperandlower boundsfor an optimal solution
for the concreteproblem.If we are satisfiedwith theseboundswe could just take the
optimal solution of the abstractproblemasa reasonabl@approximationof an optimal
solutionfor the concreteproblem.

In this paperwe extend this and otherresultsdescribedn [3] to build a new al-
gorithm to solve the concreteproblemby using abstractionsteps.More in detail, we
prove that usingthe value of the optimal tuple in the abstractproblemasa boundfor
the abstractiormapping,leadsto building eachtime new abstraciproblemwith better
andbettercorrespondingptimal concretesolution.Whenno moresolutionsarefound,
we canbesurethatthelastfoundoptimumin theabstracproblemis indeedtheoptimal
solutionof theconcreteone.

Besidegdevising a new solvingalgorithmbasedn suchresultsandon theabstrac-
tion framework, we also describethe resultsof several experimentswhich show the
behaior of threevariantsof suchalgorithmover fuzzy constrainproblemg7, 13,14].
In theseaxperimentsfuzzy problemsareabstractedhto classicalCSPsandsolvedvia
iterative abstractiorof the given problemin differentclassicalCSPs.The behaior of
the threeversionsof our algorithmis thencomparedo that of Confle, a solver for
fuzzy CSPs.This paperis anextendedandimprovedversionof [12].

2 Softconstraints

A softconstrain{5] is justaclassicatonstrainivhereeachinstantiatiorof its variables
hasan associated/aluefrom a partially orderedset. Combiningconstraintswill then
have to take into accountsuchadditionalvalues,andthusthe formalism hasalsoto
provide suitableoperationgor combination(x) andcomparisor(+) of tuplesof values
and constraints.This is why this formalizationis basedon the conceptof semiring,
whichis justa setplustwo operationsatisfyingcertainproperties{A, +, x,0, 1).

If we considertherelation<s over A definedasa <gbiff a+ b= b, thenwe have
that:

— <gisapartialorder;

— + andx aremonotoneon <s;

— Oisits minimumand1 its maximum;

— (A, <s) isacompletdatticeand+ is its lub.

Moreover, if x is idempotentthen (A, <s) is a completedistributive lattice and x
is its glb. Informally, therelation<s givesusaway to compargsomeof the) valuesin
thesetA. In fact,whenwe have a <sb, we will saythatb is betterthana. Extending
the partial order <s amongtuplesof values,alsoa partial orderamongconstraintss
induced.

Givenac-semiringS= (A, +, x,0, 1), afinite setD (the domainof the variables),
andanorderedsetof variablesV, a constraintis a pair (def,con) whereconC V and
def : DI — A Therefore,a constraintspecifiesa setof variables(the onesin cor),



andassigngo eachtuple of valuesof D of thesevariablesan elementof the semiring
setA. This elementcanthenbeinterpretedn severalways:asa level of preferenceor
asacost,or asaprobability, etc. Thecorrectway to interpretsuchelementsiepend®n
thechoiceof the semiringoperations.

Constraintscan be comparedby looking at the semiringvaluesassociatedo the
sameuples:Considetwo constraintg; = (defs,con) andc, = (def;, con), with |con =
k. Thency Csc; if for all k-tuplest, defi(t) <sdef,(t). TherelationCsinducesapar
tial order In thefollowing we will alsousethe obviousextensionof thisrelationto sets
of constraintsandalsoto problemg(seenassetsof constraints).

Notethata classicalCSPis a SCSPwherethe choserc-semiringis:

Scsp= ({falsgtruet, v, A, falsetrue).

FuzzyCSPq7,13,14],whichwill bethemainsubjectof thispapercaninsteacbemod-
eledin theSCSHramawork by choosinghec-semiring:S-csp= ([0, 1], max min, 0, 1).

Giventwo constraintsc; = (def,con;) andc,; = (def;,cor), their combination
c1®czistheconstrain{def, con) definedoy con= comUcorp anddef (t) = defa (t J&on
) x def(t 4&an,)- In words,combiningtwo constraintsneansbuilding anew constraint
involving all the variablesof the original ones,andwhich associate$o eachtuple of
domainvaluesfor suchvariablesa semiringelementwhich is obtainedby multiplying
theelementsassociatedby the original constraintdo the appropriatesub-tuples.

Givenaconstraint = {(def,con) andasubset of V, theprojectionof c overl, writ-
tenc |}, istheconstraintdef’, corl) wherecorl = connl anddef’(t') = St/isen —t def(t).
Informally, projectingmeanseliminatingsomevariablesThisis doneby associatingo
eachtuple overtheremainingvariablesa semiringelementwhich is the sumof the el-
ementsassociatedby the original constraintto all the extensionsof this tuple over the
eliminatedvariables.

Thesolutionof aSCSPproblemP = {C, con) is theconstrainSol (P) = (Q C) {.con:
we combineall constraintsandthenprojectover the variablesin con In this way we
getthe constraintover con which is “induced” by the entire SCSP Optimal solutions
are thosesolutionswhich have the bestsemiringelementamongthoseassociatedo
solutions.The setof optimal solutionsof an SCSPP will bewritten asOpt(P). In the
following, we will sometimegall “a solution” onetuple of domainvaluesfor all the
problemsvariablegovercon), plusits associatedemiringelementFigurel shavsan
exampleof fuzzy CSPandits solutions.

Solutions:
( : ( : @ aaa..min(0,0.3)=0
aab..min(0,0.1) =0 Best solutions:
aa..0 aa..03 aba..min(l,1)=1 aba.. 1
ab..1 ab..0.1 abb..min(1,1)=1 abb.. 1
ba..05 ba..l baa..min(0.5,0.3)=0.3
bb..07 bb..1 bab..min(0.5,0.1)=0.1

bba..min(0.7,1) = 0.7
bbb..min0.7,1)=0.7

Fig.1: A fuzzy CSPandits solutions.



Considettwo problemdsP; andP,. ThenPy Cp P; if SO|(P1) Cs SO|(P2). IfPLCp P
andP, Cp Py, thenthey havethesamesolution,thuswe saythatthey areequivalentand
we write P, = P».

SCSPproblemscanbesolvedby extendingandadaptinghetechniqueusuallyused
for classicalCSPsFor example to find thebestsolutionwe couldemploy abranch-and-
boundsearchalgorithm(insteadof the classicabacktracking)andalsothesuccessfully
usedpropagatiortechniqueslik e arc-consistenc[11], canbe generalizedo be used
for SCSPsThedetailedformal definitionof propagatioralgorithms(sometimegalled
alsolocal consistencylgorithms)for SCSPsanbefoundin [5]. For thepurposeof this
paperwhatis importantto sayis thata propagationrule is a functionwhich, takenan
SCSPsolvesasubproblenof it. It is possibleto showv thatpropagatiorrulesareidem-
potent,monotoneandintensie functions(overthe partialorderof problems)which do
not changethe solutionset.Given a setof propagatiorrules,alocal consisteng algo-
rithm consistsof applyingthemin ary orderuntil stability. It is possibleto prove that
local consisteng algorithmsdefinedin this way have the following propertiesif the
multiplicative operationof the semiringis idempotent:iequivalence termination,and
uniguenessf theresult.

Thuswe cannoticethatthe generalizatiorof local consisteng from classicalCSPs
to SCSPsconcernghe fact that, insteadof deletingvaluesor tuples,obtaininglocal
consisteng in SCSPaneanschangingthe semiringvaluesassociatedo sometuples
or domainelementsThe changealways brings thesevaluestowardsthe worst value
of the semiring,thatis, the 0. Thus, it is obviousthat, givenan SCSPproblemP and
the problemP’ obtainedby applyingsomelocal consisteng algorithmto P, we have
P CsP.

3 Abstraction

Themainidea[6] is to relatethe concreteandthe abstracscenariody a pair of func-
tions,theabstractionfunctiona andthe concietizationfunctiony, which form a Galois
connection.

Let (¢,C) and (4,<) be two posets(the concreteand the abstractdomain). A
Galoisconnection(a,y) : (C,C) = (A, <) isapairof mapsa : C —+ 4 andy: 4 — C
suchthat 1. a andy are monotonic,2. for eachx € C,x C y(a(x)) and 3. for each
y € 4,a(y(y)) <y. Moreover, aGaloisinsertion(of Zin C) (a,y) : (C,C) = (4,<) is
a Galoisconnectiorwherea -y is theidentity over 4, thatis, |d.

An exampleof a Galoisinsertioncanbe seenin Figure2. Here,theconcretdattice
is {[0,1], <), andthe abstractneis ({0,1},<). Functiona mapsall real numbersin
[0,0.5] into O, andall otherintegers(in (0.5, 1]) into 1. Functiony maps0 into 0.5 and
linto 1.

Considera Galoisinsertionfrom (C,C) to (4, <). Then,if C is atotal order, sois
<.

Mostof thetimesit is useful,andrequired thattheabstracoperatorshav acertain
relationshipwith the correspondingoncreteones.This relationships calledlocal cor-
rectnessLet f : C" — C beanoperatoovertheconcretdattice,andassumehat f is its
abstractounterpartThenf is locally correctw.r.t. f if Vxq,...,X € C, f(X1,...,%) C

y(f(a(x1),...,a(xn))).



concrete lattice abstract lattice

Fig.2: A Galoisinsertion.

3.1 Abstracting soft CSPs

The main ideaof the abstractionframewnork presentedn [3] is very simple: we just
wantto passyia the abstractionfrom an SCSPP over a certainsemiringS to another
SCSPP over the semiringS, wherethe latticesassociatedo S and S arerelatedby a
Galoisinsertionasshovn above.

Considetthe concreteSCSPproblemP = (C, con) over semiringS, where

- S=(A+,x%,0,1) and
— C={cy,...,Cn} With ¢ = (con,def;) anddef; : DIl — A;
we defineanabstract SCSPproblemP = (C, con) overthesemiringS, where
- é: <A7;7 >'27671%
- €={¢,...,6} with & = (con,def;) anddef; : DI°®" — A;
— if L= (A <) isthelatticeassociatedo Sandi = (A, <) thelatticeassociatedo S
thenthereis a Galoisinsertion(a,y) suchthato : L — L;
— X is locally correctwith respecto x.

Notice that the kind of abstractiornwe considerin this paperdoesnot changethe
structureof the SCSPproblem.Theonly thing thatis changeds the semiring.

Notice alsothat, giventwo problemsover two differentsemirings theremay exist
zero,one,or alsomary abstractiongthatis, a Galoisinsertionbetweerthe two semir
ings) betweenthem. This meansthatgiven a concreteproblemover S andan abstract
semiringS, theremay be severalwaysto abstracsucha problemover S.

Examplel. As an example, considerany SCSPover the semiring for optimization
(R~ U{—0}, max+,—,0) andsupposave wantto abstracit ontothe semiringfor
fuzzy reasoning([0, 1],max min,0, 1). In otherwords,insteadof computingthe max-
imum of the sumof all costs(which are negative reals),we just wantto computethe
maximumof their minimumvalue,andwe wantto normalizethe costsover [0, 1]. No-
tice that the abstractproblemhasan idempotentx operator(which is the min). This
meansghatin the abstracframavork we canperformlocal consisteng over the prob-
lemin orderto find inconsistencies.

Example2. Anotherexampleis theabstractiorfrom thefuzzy semiringto theclassical
one,whichwill bewidely usedin therestof this paper:

S:SP: <{Oa 1}7\/7/\507 1)



Herefunctiona mapseachelementof [0, 1] into either0 or 1. For example,onecould
map all the elementsn [0,x] onto 0, andall thosein (x, 1] onto 1, for somefixed x.
Figure2 representghis examplewith x = 0.5.

3.2 Propertiesof the abstraction

We will now summarizethe main resultsaboutthe relationshipbetweena concrete
problemandanabstractiorof it.

Letusconsidetheschemalepictedn Figure3. Hereandin thefollowing pictures,
the left box containsthe lattice of concreteproblems,andthe right onethe lattice of
abstracproblems.The partialorderin eachof theselatticesis shavn via dashedines.
Connectiondetweerthe two lattices,via the abstractiorandconcretizatiorfunctions,

Fig.3: Theconcreteandthe abstracproblem.

In Figure3, P is the startingSCSPproblem.Thenwith the mappinga we getP =
a(P), whichis anabstractiorof P. By applyingthemappingy to P, we gettheproblem
y(a(P)). Let usfirst notice that thesetwo problems(P andy(a(P))) arerelatedby a
preciseproperty:

PCsy(a(P)).

Notice that this implies that, if a tuple in y(a(P)) hassemiringvalue O, thenit
musthave value0 alsoin P. This holdsalsofor the solutions,whosesemiringvalue
is obtainedby combiningthe semiringvaluesof several tuples.Therefore by passing
from P to y(a(P)), no new inconsistenciesreintroduced However, it is possiblethat
someinconsistencieareforgotten.

Example3. Considerthe abstractionfrom the fuzzy to the classicalsemiring,as de-
scribedin Figure2. Then,if we call P thefuzzy problemin Figure 1, Figure4 shovs
the concreteproblemP, theabstracproblema(P), andits concretizatiory(a(P)). It is
easytoo seethat,for eachtuplein eachconstraintthe associatedemiringvaluein P is
lower thanor equalto thatin y(a(P)).

If the abstractiorpreseresthe semiringordering(thatis, applyingthe abstraction
function and then combining gives elementswhich are in the sameorderingas the
elementobtainedby combiningonly), thenthe abstractioris calledorder-preserving



® ®

aa..05 aa..05
ab..1 ab..05
ba..05 ba..1
bb..1 bb..1

v P) v

®

aa..0 aa..o0
ab..1 ab..0

@ @ @ / ba.0 ba..1
aa..0 aa..03 bb. 1 bb..1

ab..1 ab..0.1 a(p)
ba.0.5 ba..1
bb. 07 bb..1

®

Fig.4: An exampleof the abstractiorfuzzy-classical.

andin this casethereis also an interestingrelationshipbetweenthe set of optimal
solutionsof P andthat of a(P). In fact, if a certaintuple is optimalin P, thenthis
sametupleis alsooptimalin a(P).

Example4. Consideragainthe previous example.The optimal solutionsin P arethe
tuples(a,b,a) and{a,b,b). It is easyto seethatthesetuplesarealsooptimalin a(P).
In fact, this is a classicalconstraintproblemwherethe solutionsare tuples{a, b, a),
{(a,b,b), (b,b,a), and{b,b,b).

Thus,if we wantto find anoptimalsolutionof the concreteproblem we couldfind
all the optimal solutionsof the abstractproblem,andthen usethemon the concrete
sideto find an optimal solutionfor the concreteproblem.Assumingthat working on
the abstractsideis easierthanon the concreteside, this methodcould help usfind an
optimal solution of the concreteproblemby looking at just a subsetof tuplesin the
concreteproblem.

Anotherimportantproperty which holdsfor any abstractionconcernscomputing
boundghatapproximateanoptimalsolutionof aconcreteproblem.In fact,any optimal
solution,sayt, of theabstracproblem,saywith valueV, canbe usedto obtainbothan
upperanda lower boundof an optimumin P. In fact, we canprove thatthereis an
optimalsolutionin P with valuebetweeny(V) andthevalueoft in P [3, Theorem29].

Thus,if wethink thatapproximatingheoptimalvaluewith avaluewithin thesewo
boundsis satishctory we cantake t asanapproximationof an optimal solutionof P.
Noticethatthis theoremdoesnot needthe orderpreservingoropertyin the abstraction,
thusary abstractiorcanexploit thisresult.

Exampleb. Consideragainthe previous example.Now take ary optimal solution of
a(P), for exampletuple (b, b,b). Thentheaboreresultstateghatthereexistsanoptimal
solutionof P with semiringvaluev betweerthe valueof this tuplein P, whichis 0.7,
andy(1) = 1. In fact,thereareoptimalsolutionswith valuelin P.



However, abetterlowerboundcanbecomputedn thespecialcaseof anabstraction
wherethe semiringsaretotally orderedandhave idempotenimultiplicative operations.
In thiscaseary abstractions orderpreservingln fact,consideranabstractiorbetween
totally orderedsemiringswith idempotentmultiplicative operations Given an SCSP
problemP over S, consideranoptimalsolutionof a(P), sayt, with semiringvalueV in
a(P). ConsideralsothesetV = {v; | a(vi) = V}. Thenthereexistsanoptimalsolution
t of P, saywith valuev, suchthatmin(V) < v< maxV).

3.3 NewProperties

Whendealingwith the mappingfrom fuzzy to classicalCSPswe canalsoprove other
importantresults.Consideran abstractiorthatmapsall the semiringvaluesbetterthan
thefuzzy valuea into 1 (thatis, the booleantrue) andall the fuzzy valuesworsethan
or equalthana to O (thatis, thebooleanvalue falsé. Let usalsocall P thefuzzy CSP
anda(P) thecorrespondingbstractedCSP Thenwe canprove that:

Givenan SCSPproblemP overthefuzzy semiring,andthe correspondin@bstract
problema (P) overthebooleansemiring,obtainedoy mappingall valueslower thanor
equalthana to falseandall thevaluesbiggerthana to true

— if a(P) hasnosolution,problemP hasanoptimalsolutionwith anassociatedemir
ing fuzzy valueworsethanor equalthana;
— if P hasa solutiontuplet with associatedemiringlevel a, anda(P) hasno solu-

tion, tuplet is anoptimal solutionfor P.

Thesepropertieswill beveryusefulin devisingthethreeversionf theabstraction-
basedalgorithmwe will definein thenext section.

4 Solving by iterati ve abstraction

Theresultsof the previous sectioncanbe the basisfor a constraintsolving method,or
more preciselya family of methodswhereabstractiorwill be usedto computeor to
approximatehe solutionof a concreteproblem.

Herewe will focuson the versionof this solving methodwhich appliesto fuzzy
CSPsbecauseur experimentakesultswill focuson this classof soft CSPsThegen-
eralversionof thealgorithmis givenin [3].

A methodto solve a fuzzy CSPis to reducethe fuzzy problemto a sequencef
classical(boolean)CSPsto be solved by a classicalsolver. This methodhasbeenfor
instancerecentlyimplementedn the JFSoher [10].

Let us formalizethis algorithmwithin our abstractiorframewvork. We wantto ab-
stractafuzzy CSPP = (C, con) into thebooleansemiring.Let us considerthe abstrac-
tion o which mapsthe valuesin [0,0.5] to 0 andthe valuesin ]0.5,1] to 1, which is
depictedin Figure2. Let us now considerthe abstracproblemP = a(P) = (C,con).
Therearetwo possibilities,dependingvhethera(P) hasa solutionor not.

1. If a(P) hasasolution,then(by thepreviousresults)P hasanoptimalsolutiont with
valuev, suchthat0.5 < v < 1. We cannow furthercutthisintervalin two parts.e.g.
[0.5,0.75]and]0.75, 1], andconsidemow theabstractiorn’ which mapsthevalues
in [0,0.75]to 0 andthe valuesin ]0.75,1]to 1, which is depictedin Figure5. If
o’ (P) hasasolution,thenP hasa correspondingptimalsolutionwith fuzzy value
between0.75and 1, otherwisethe optimal solution hasfuzzy value between0.5



and0.75,becauseave know from the previousiterationthat the solutionis above
0.5. If tighter boundsare neededpne could further iteratethis processuntil the
desiredprecisionis reached.

|
0.75
|

! }(\y\

Fig.5: An abstractiorfrom thefuzzy semiringto the boolearnone,cutlevel = 0.75.

2. If a(P) hasno solution,then(by the previousresults)P hasan optimal solutiont
with valuev, suchthatO < v< 0.5. We cannow furthercutthisinterval in two parts,
e.g.[0,0.25]and]0.25,0.5[, andconsidemow the abstractiorn” which mapsthe
valuesin [0,0.25]to 0 andthe valuesin ]0.25,1]to 1, which is depictedin Figure
6. If a”(P) hasa solution,thenP hasa correspondingptimal solutionwith fuzzy
valuebetweerD.25and0.5,otherwiseheoptimalsolutionhasfuzzy valuebetween
0 and0.25.And soon andsoforth.

Fig.6: An abstractiorfrom the fuzzy semiringto the booleanone,cut level = 0.5.

Examples. For example,consideragainthe fuzzy constraintproblemandthe initial
abstractiorof Figure4. This abstractiorusesa cut level of 0.5 andgenerateshe clas-
sical constraintproblemin the right partof Figure4. This problemhassolutions(for
example,x = a, y = b, andz = a), thusthe algorithmabove setsthe new cut level at
0.75.Thenew abstracteghroblemis still soluble:for example theassignmenabove is
still a solution. Thusthe setthe new cut level to 0.875.Again, the abstractegroblem
hassolutions(it is actuallythe sameproblemasbefore),so we setthe new cut level
to 0.9375.The abstractegroblemhasagainsolutions.If we have reachedhe desired



precision(assumehatwe are happy with a toleranceof 0.1, we canconcludethe al-
gorithm by reportingthe existenceof a solutionfor theinitial fuzzy CSPswith value
higherthan,or equalto 0.9375.More preciselytheiterative algorithmreportsthatthere
is asolutionin theinterval [0.9375,1].

Obsenre that the dichotomymethodusedin this exampleis not the only onethat
be canused:we cancut eachinterval not necessarilyn the middle but at ary point at
will (e.g.,if someheuristicmethodallows usto guessin which part of the semiring
the optimal solutionis). The methodwill work aswell, althoughthe corvergencerate,
andthusthe performancegould bedifferent.In particularwe canusetheresultsof the
previous sectionand cut eachtime at level a correspondingdo the value of the tuple
t thatis optimalin the abstractproblem(let’s call this heuristiccurrentbes). We can
thencontinuethis procedureuntil we find no solutions.At this point we are surethat
thetuplet foundatthe previousstepis anoptimal solutionfor the concreteproblemP.

Example7. In theexampleabove,this versionof thealgorithmwould work asfollows.
First, the fuzzy problemis cut at level 0.5, andits abstracted/ersionis the oneat the
right in Figure 4. This problemhassolutions,so we take ary solution, for example
x=b, y=Db, andz = b, andwe computeits valuein the fuzzy problem.In this case
thevalueis 0.7.By settingthe new cutlevel to 0.7,the new abstractegbroblemhasstill
solutionsg(althoughtupleb,b¢betweernx andy hasnow value0), sowe take any of such
solutions,sayx = a, y = b, andz = b, andwe computeits valuein the fuzzy problem,
whichis 1. Now thenew abstracteghroblemhasno solution,sowe stopreportingx = a,
y = b, andz = b asanoptimalsolutionfor theinitial fuzzy problem.

5 Experimental setting and results

Our experimentalsettinginvolvesa generatoof fuzzy SCSPsandthe implementation
of threeversionsof the iterative algorithmdefinedin the previous section.More pre-
cisely, thethreealgorithmswe will considerarethe following ones:

Al : Algorithm Al setsthecutlevel a to cutthe currentinterval in two equalpartsat
eachabstractiorstep,asdefinedin the previous section.It stopswhena precision
of 1/10is reachedthatis, thesizeof theconsiderednterval is smallerthanor equal
t00.1).

A2 : Algorithm A2 setsthecutlevel a to thesemiringlevel of the currentbestsolution
found. It stopswhena precisionof 1/10is reached.

A3 : Algorithm A3 beharesasalgorithmA2, exceptthatit stopswhenno solutionin
the abstractproblemis found. At this point, the last solutionfound is an optimal
solutionof the concreteproblem.

The generatogeneratedinary fuzzy CSPswith a certainnumberof variables(n),
numberof valuesper variable(m), density(d, which is the percentagef constraints
over the maximumpossiblenumber)andtightness(thatis, percentag®f tupleswith
preferenced, denotedby t). For eachsetof parametersye generatethree instance
problems andwe shov themeanresultonthem.

In all our experiments,which have beenperformedon a Pentium3 processoiat
850 MHz, we solve concretefuzzy CSPsvia Conflex [7] and,within the abstraction-
basedalgorithms we solve their abstractedoolearnversionsvia Conflex aswell. Since



Conflex is especiallydesignedo solve fuzzy CSPsjt hassomeoverheadvhensolving
classicalCSPs.Thuswe mayimaginethatby usinga solver for booleanCSPswe may
getabetterperformancdor the proposedalgorithms.

Conflex solvesfuzzy constraintproblemsby usinga branchandboundapproach,
combinedwith constrainfpropagationMoreover, it allows usersto setathreshold(be-
tweenO and1) whichis usedto disregardthosesolutionswith valuesbelow thethresh-
old (andthusalsoto performpruningin the searchree).

Avs. C, n=25, m=5, tightness=10 Avs. C, n=25, m=5, tightness=30
600

500 -

400 -

300 -

Time (sec/100)
Time (sec/100)

200 -

100 1

/100)

ime (se

Fig.7: Time for algorithmsA andC, tightnessl0%,30% and50%.

We startour testsby comparingalgorithmAZ1 to Conflex. Figure7 shows thetime
neededo find an optimal solution, or to discover that no solutionexists, for both Al
(denotedby A in this picturessinceit is the only abstraction-basedlgorithm) and
Conflex (denotedby C), with a varying densityover the x axis, andvarying tightness
in thethreefigures(t=10,30and50). The numberof variablesis fixedto 25, while the
domainsizeis 5. For theseaxperimentswe settheinitial thresholdd.01for algorithmC
(thusnotmuchpruningis possiblenitially becausef thethreshold) andtheinitial cut
level to 0.5. Thefilled pointsdenoteproblemswith solutions,while the empty points
denoteproblemswith no solution.

Thegraphsshow very clearlythat,in the presencef solutionsmethodAl is better
while Conflex is more corvenientwhen thereis no solution. This is predictable:in



fact,theiterative algorithmA1, in presencef no solution,would neverthelesgontinue
shrinkingtheinterval until the desiredprecision.

Avs. C: m=4, d=50, t=10 Avs. C: m=4, d=50, =50

Time (sec/100)
Time (sec/100)
8

5 10 15 20 2 20 s 40 45
Number of variables Number of variables

Fig.8: Timefor A andC, varyingnumberof variablestightnessl0% and50%.

Let usnow seewhathappensvhenthe numberof variablesvaries.Theresultsare
shavn in Figure 8, wherethe x axis shavs the numberof variables.Densityis setto
50%, while tightnessvaries(10% and 50 %). Again, the thresholdin C is 0.01 and
the initial cut level is 0.5. The graphsshov againthat the abstraction-basedhethod
is corvenientin solving problemswith solutions,while the classicalmethod(thatis,
Conflex in our experiments)s betterwhenthereis no solution.

Onecould arguethat a thresholdof 0.01 givento Conflex is a very bad situation
for this algorithm, sinceit cannotperformalmostarny pruningbecausef sucha low
threshold However, it hasto benoticedthat,if we giveathresholdwhichis higherthan
the value of the optimal solution, then Conflex would not find the optimal solutions.
Neverthelessywe run someexperimentswith differentthresholds.

N=20, m=5, d=30

C.alpha'= 0,01 ——
€ alpha=01 —o—

Time (sec/100)

10 15 20 25 30 35 40
Tightness

Fig.9: Time for A andC (with varyingthreshold) density30%.



Figure9 shaws the time neededoy Conflex with differentthresholdgfrom 0.1 to
thefirst thresholdwhich generatesio solution)in differentdensity/tightnesscenarios.
We canseethat algorithm Al hasa balancedperformancevhenthe tightnessvaries,
while Confle, aspredictablebehaesbetterwhenthethresholds closeto thevalueof
the optimal solution (which canbe deducedby thefirst thresholdwhich generatesio
solution).Thereforejf we canguessathresholdwhichis closeto the optimalsolution
value,thenusingC is better However, in absencef this information,we shouldrather
usethe abstraction-basemhethod which givesa goodperformancen all situations.

A: n=25, m=5, t=10 A n=25, m=5, t=30

Time (sec/100)
Time (sec/100)

0 01 02 03 0.4 05 06 07 08 09 1

(sec/100)

(:

0 01 02 03 04 05 06 07 08 09 1
Initial cut level for A

Fig.10: Timefor A, differentinitial cutlevels,tightnessl0%,30%,and60%.

We may alsowonderaboutthe influenceof theinitial cut level, which up to now
hasalwaysbeen0.5, overthe behaiour of theiterative abstractiormethod.Figures10
shawvsthetime neededor methodA1 whentightnessdensity andinitial cutlevel vary.
It is easyto seethat, with high tightnessanddensity it is betterto setalow initial cut
level. Thisis probablybecausahightightnessaanddensityusuallyimply low valuesfor
theoptimalsolutions thusstartingwith a high cutlevel would generatenoreiterations
to getdown to theinterval containingthe optimal solution,if ary.

We now pasdo considetheothertwo variantsof theoriginal abstractioralgorithm:
A2 andA3. Figurel1 showvsthetime neededo find anoptimalsolution,or to discover
thatno solutionexists, for boththeiterative algorithmsAl, A2, andA3, andC, with a
varyingdensityoverthex axis,antightness = 10%.Thenumberof variableds fixedto



ALA2,A3 vs. C, n=25, m=5, tightness=10

Time (sec/100)

Density

Fig.11: Time for algorithmsAl, A2, A3, andC, tightnessl0%.

25andthedomainsizeis 5. For theseexperimentswe setasbeforeaninitial threshold
of 0.01in C andaninitial cutlevel of 0.5. Thegraphsshaov how algorithmA1, A2, and
A3 have similar performanceandall of themarebetterthan C whenthe tightnessis

not too high. With high tightnessalgorithm A3 is worsethanC. In fact, the iterative

algorithmA3 would spendmoretime in shrinkingtheintervalsuntil a precisesolution
is found.

ALA2,A3 vs. C: m=4, d=50, t=10
1200
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Fig.12: Timefor Al, A2, A3, andC, varyingnumberof variablestightness10%.

Let us now compareC to the iterative abstractioralgorithmswhenthe numberof
variablesvaries(overthex axis).Densityis setto 50%,tightnesgo 10%,andthreshold
t00.01.Theresultsareshavnin Figurel2. Again,thegraphsshow thattheabstraction-
basedmethodsarecorvenientin solving problemswith solutions.We alsonoticehow
algorithmAZ2 is betterthanAl whenthe numberof variablesincrease.

The next experimentshavs the comparisorof A1, A2, and A3 with C over com-
binationsof densitiesandtightnessesvhich generatenostly problemswith solutions.



ALA2,A3vs. C: m=4, d=70, t=10
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Fig.13: Timefor Al, A2, A3, andC, density70%,tightnessl0%.

Figure 13 shavs theresultsfor problemswith density70%. As before,algorithmsAl
andAz2 arebetterthanC. We recall thatalgorithm A3 alwaysfinds an exact solution,
whilst methodA1 only stopswhenthe desiredprecisionis reached.

Summarizingwe canlearnthefollowing lessondrom thesedlastexperiments:

— With asmallnumberof variableg(25):
e A2 is moreexpensve thanAl; thereforejt is not worthedto usethe valueof
theabstracsolutionsto decidethe next cutlevel;
¢ A3ismoreexpensvethanAl, butit obtainsanoptimalsolution,notaninterval
whereoptimalsolutionsarecontained.
— As thenumberof variablesncreases:
o A2 islessexpensvethanAl,;
¢ A3 is moreexpensve but still corvenientw.r.t. C whentightnessis not very
high.

6 RelatedWork

BesideConfle, thereexist othersystemswhich allow to solve soft constraintsn gen-
eralandthusalsofuzzy constraints.

Oneis the CLP(FD,S)[9] languagewhich is a constraintlogic programmingan-
guagewherethe underlyingconstraintsolver canhandlesoft constraintsin particular
CLP(FD,S)is a languagefor modelingand solving semiring-basedaonstraints.The
programmecanspecifythe semiringto be used thuscreatinga specificinstanceof the
languagewhich canhandlesoft constraintsover that semiring.Whenthe semiringto
beusedhasanidempotentombinationoperatorylik e for instancefor fuzzy CSPs)ocal
propagatiortechniquesreusedin thesolutionprocesswhichis basednabranchand
boundapproach.

Anotheroneis the ConstraintHandling Rules(CHR) [8] system.CHR is a high
level formalismto specify constraintsolvers and propagatioralgorithms.It hasbeen
originally designedo modelandsolve classicakonstraintshut recently[4] it hasbeen
extendedo handlealsosemiring-basedoft constraintsThis extensionsolvessoftcon-
straintsby performinglocal propagatior(like nodeandarc consisteng), embeddedn



oneof the two availablecompletesolvers,basedon dynamicprogrammingandbranch
andbound,respecitiely.

In the experimentalwork reportedin this paperwe did notimplementary specific
propagationtechniqueor solver: we just solved fuzzy constraintproblemsby using
several times the Conflex solver on classicalconstraintproblems,and we compared
this methodto usingConflex directly on the givenfuzzy problem.For this reasonpur
resultsarenot directly comparablevith [9] or [4].

However, we cantry to giveanindirectcomparisorof ourresultswith theCLP(FD,S)
system.In fact,in [9] the Conflex systemis comparedwvith CLP(FD,S)whensolving
fuzzy CSPs.Theresultsshavn in [9] shav that CLP(FD,S)is 3 to 6 timesfasterthan
the Conflex system Ourimplementationwhich is very naive, performs3 timesbetter
thanConflexin average Thus,we arecomparabléo CLP(FD,S)whichis anoptimized
systemfor soft constraintsWe planto implementlocal propagatiortechniquesiuring
the abstractiorsteps.We believe thatthis will burstthe performanceof our technique,
andmale it morecorvenientthan CLP(FD,S).We notice however that CLP(FD,S)is
unfortunatelynot maintainedary longer, thusit will be difficult to make a fair and
completecomparison.

7 Conclusionsand futur e work

We have run several experimentgo studythe behavior of threeversionsof aniterative
abstraction-basedlgorithmto solve fuzzy CSPs.The main lessonlearntfrom these
experimentds that,whenwe work with problemsfor which we canguesgheexistence
of somesolutions the abstractiormethodsare morecorvenient.This holdsalsowhen
we don't have ary informationon the valueof the optimal solutions.Amongthethree
versionsof the algorithm, thefirst two (A1l andA2) arethe bestones.However, since
A2 alwaysfindsa solutionandnotanapproximatiorof it, it is to bechosen.

Theiterative abstractiormethodologywe have testedooks promisingandsuitable
to solve fuzzy CSPsWe recallthatour experimentsusedConflex for solving boththe
concretduzzy probleminstancesndalsothe abstracbooleanones.Sowe may guess
thatby usingaclassicabooleanCSPsolverto solvetheabstracversion theabstraction
methodwould resultevenmorecorvenient.

Ourresultsdo not sayarything aboutthe corvenienceof our methodologyon other
classe®f soft constraintsWe planto studytheapplicability of theabstractiormethod-
ology to solve alsootherclasse®f soft CSPst would beinterestingalsoto studythe
interactionbetweenthe describedsolving methodologybasedon abstractiomandthe
notionof globalconstraints.
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